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LOCAL MONOMIALIZATION OF ANALYTIC MAPS 


STEVEN DALE CUTKOSKY 


Abstract. In this paper local monomialization theorems are proven for morphisms of 
complex and real analytic spaces. This gives the generalization of the local monomial¬ 
ization theorem for morphisms of algebraic varieties over a field of characteristic zero 
proven in m and m to analytic spaces. 


1. Introduction 

In this paper we prove local monomialization theorems for complex and real analytic 
morphisms. 

A local blow up of an analytic space A is a morphism vr : A' —> A determined by a 
triple {U,E,tt) where U is an open subset of A, F is a closed analytic subspace of U and 
TT is the composition of the inclusion of U into A with the blowup of E. 

Hironaka introduced in his work on analytic sets and maps ([l3] and |42j l the notion of 
an etoile over a complex analytic space A to generalize a valuation of a function field of 
an algebraic variety. An etoile e over an analytic space A is a subcategory of sequences of 
local blowups over A which satisfy good properties. If vr : A' —>■ A belongs to e, a point 
ex' G A', called the center of e on X' is associated to e. The set 8x of all etoiles over A, 
with the collection of sets f’jr = {e € | € e} for all vr : A' —> A which are products 

of local blow ups as a basis of a topology is the voute etoilee over A. Hironaka proved 
that the map Px : £x ^ X, defined by Px{e) = ex is continuous, surjective and proper. 
The Voute etoilee can be seen as a generalization of the Zariski Riemann manifold of an 
algebraic function field, but the comparison is limited. A valuation of a giant field can 
be associated to an etoile, but this valuation does not enjoy many of the good properties 
realized by valuations on algebraic function fields (I2Z]). The basic properties of etoiles 
are reviewed in Section [3l 

Suppose that : Y ^ A is a morphism of reduced complex analytic spaces and that e 
is an etoile over Y. We prove that (p can be made into a monomial mapping at the center 
of e after performing sequences of local blowups of nonsingular analytic subvarieties above 
Y and A. We derive some consequences for complex and real analytic geometry. 

Definition 1.1. Suppose that cp : Y X is a morphism of complex or real analytic 
manifolds, and p €zY. We will say that the map p is monomial at p if there exist regular 
parameters xi,, Xm,Xm+i, ■ ■ ■ ,xt in and yi,... ,yn in O^p and Cij G N such 

that 

n 

p*{xi) = for 1 <i <m 

i=i 

with rank{cij) = m and p*{xi) = 0 for m < i <t. 
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There is a related notion of an analytic morphism cp : Y ^ X being monomial on Y 
(Definition 13.2p . 

Our principal result is the following theorem. 


Theorem 1.2. Suppose that p : Y ^ X is a morphism of reduced complex analytic spaces 
and e is an etoile over Y. Then there exists a commutative diagram of complex analytic 
morphisms 


n 

Y 4 


a 

X 


such that /3 € e, the morphisms a and (3 are finite products of local blow ups of nonsingular 
analytic sub varieties, Y^. and X^ are nonsingular analytic spaces and pe is a monomial 
analytic morphism at the center of e. 

There exists a nowhere dense closed analytic subspace of X^ such that Xe \ Ff> ^ X 
is an open embedding and ipf^{F(,) is nowhere dense in Y^. 


The last condition on F^ is always true if a, (3 are sequences of local blow ups and p 
is regular (this concept is defined in equation ([5])). A regular morphism is the analog in 
analytic geometry of a dominant morphism in algebraic geometry. 

A stronger version of Theorem 11.21 is proven in Theorem 18.121 The analogue of The¬ 
orem O for dominant morphisms of algebraic varieties (over a field of characteristic 0) 
dominated by a valuation was proven earlier in m and m- The fact that the theorem 
is not true in positive characteristic was proven in |26] . It is not difficult to extend the 
proof of local monomialization along a valuation for dominant morphisms of characteristic 
zero algebraic varieties to arbitrary (not necessarily dominant) morphisms, using standard 
theorems from resolution of singularities. 

We deduce the following Theorem 11.31 from Theorem 11.21 using the fact that the set of 
etoiles (La Voute Etoilee) on a complex analytic space has some good topological properties 
m and m)- We use in this and the following theorems stated in this introduction the 
notion of an analytic morphism p : Y —)• A of manifolds being monomial on Y which 
is defined in Definition 13.21 The proof of Theorem 11.31 is obtained from Theorem 11.21 by 
utilizing techniques from [H] and [32]. Let A be a compact neighborhood of the point 
p GY. Theorem 11.21 produces for each etoile e G £x a morphism TTe ■ Yf, ^ Y which lifts 
the initial morphism (p : Y —)■ A to a morphism Pf, : Yg ^ Ag which is monomial at the 
point ey. Since Py : £y ^ Y is proper, the set K' = Py^(A') is compact. Theorem 11.31 
follows by extracting a finite sub cover from an open cover of K' by the preimages of open 
sets obtained from the Y^,. 


Theorem 1.3. Suppose that p :Y ^ X is a morphism of reduced complex analytic spaces 
and p G Y. Then there exists a finite number t of commutative diagrams of complex 
analytic morphisms 

y. n y 

Pi f 

F 4 A 

for 1 < i < t such that each Pi and a* are finite products of local blow ups of nonsingular 
analytic sub varieties, Yi and A, are smooth analytic spaces and pi is a monomial analytic 
morphism. Further, there exist compact subsets Ki ofYi such that ij\^.^Pi{Ki) is a compact 
neighborhood of p in Y. 
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There exist nowhere dense closed analytic subspaces Fi of Xi such that Xi\Fi ^ X are 
open embeddings and (pf^{Fi) is nowhere dense in ¥{. 

A stronger version of Theorem 11.31 is proven in Theorem 18. 131 below. 

We obtain corresponding theorems for real analytic morphisms. 

Theorem 1.4. Suppose that Y is a real analytic manifold, X is a reduced real analytic 
space and y? : Y ^ X is a real analytic morphism. Then there exists a finite number t of 
commutative diagrams of complex analytic morphisms 

Yi n Xi 

Pi f 

F 4 X 

for 1 < i < t such that each Pi and ai are finite products of local blow ups of nonsingular 
analytic sub varieties, Yi and Xi are smooth analytic spaces and ipi is a monomial analytic 
morphism. Further, there exist compact subsets Ki ofYi such that u4i/3i(Xi) is a compact 
neighborhood of p in Y. 

There exist nowhere dense closed analytic subspaces Fi of Xi .such that Xi\Fi ^ X are 
open embeddings and (pf^{Fi) is nowhere dense in Yi. 

A stronger version of Theorem 11.41 is proven in Theorem 19.71 

An application of Theorem 11.41 showing that Hironaka’s rectilinearization theorem can 
be deduced from local monomialization, is given in [28]. The rectilinearization theorem 
was first proven by Hironaka in |42] . Different proofs have been given by Denef and Van 
Den Dries |32| and Bierstone and Milman HI]. 

Because of the existence of examples such as the Whitney Umbrella, — zy"^ = 0, 
it is not possible for Theorem 11.41 to hold when Y is only assumed to be a reduced real 
analytic space. However, using a generalization of the notion of resolution of singularities 
by Hironaka for real analytic spaces we can generalize Theorem 11.41 to arbitrary reduced 
analytic spaces. 

We recall the definition of a smooth real analytic filtration of a real analytic space. 

Definition 1.5. (Definition 5.8.2 m) Let X be a real analytic space. A smooth real 
analytic filtration of X is a sequence of closed real analytic subspaces {X*}o<i<cxD of X 
such that 

1) X(°) = |X| and XW D X(*+i) for all i > 0. 

2) {X«} is locally finite at every point p G X. 

3) X(*) \ X(*+^) is smooth. 

If X is a reduced real analytic space which is countable at inhnity, then X has a smooth 
real analytic filtration (Proposition 5.8 |42ji. 

Using resolution of singularities, Hironaka deduces the following result. 

Proposition 1.6. (Desingularization I. (5.10) [42]j Suppose that X is a real analytic 
space and p € X. Then there exists an open neighborhood U of p in X, a finite smooth 
real analytic filtration on U and real analytic morphisms : [7^*^ —>■ such 

that 

1) Each [7^*^ is smooth and is a sequence of blowups of smooth sub varieties. 

2) is nowhere dense in 77^*^ and 

3) vrW induces an isomorphism 77^*^ \ (7r(*))“^(77(*+^)) —>■ 77^ \ 77(*+^). 

3 




In particular, U = 

We deduce the following theorem from Theorem 11.41 and Proposition 11.61 

Theorem 1.7. Suppose that (p : Y X is a real analytic morphism of reduced real 
analytic spaces and p ^ Y. Then there exists a finite number t of commutative diagrams 
of real analytic morphisms 

Y^ 


fii i 

Pi 


^ i 


4 

li i 


ai 

Y 

4 

X 


for 1 < i < t such that each 7 * :Y*^Y is a resolution of singularities of a component 
of a smooth real analytic filtration of a neighborhood of p in Y, 7 *, fii and a* are finite 
products of local blow ups of nonsingular analytic sub varieties, Yi and Xi are smooth 
analytic spaces and <pi is a monomial analytic morphism. Further, there exist compact 
subsets Ki ofYi such that is a compact neighborhood of p in Y. 

There exist nowhere dense closed analytic subspaces Fi of Xi such that Xi\Fi ^ X are 
open embeddings and pf^{Fi) is nowhere dense in Yi. 

There are a number of local theorems in analytic geometry, including by Hironaka on 
the local structure of subanalytic sets m and m), especially the rectilinearization the¬ 
orem, by Hironaka, the theorem by Lejeune and Teissier [H] and by Hironaka |42] on local 
flattening, by Cano on local resolution of 3-dimensional vector helds f|13jf . by Denef and 
van den Dries |32] and Bierstone and Milman m) on the structure of semianalytic and 
subanalytic sets, by Lichtin ([l5], |46] )to construct local monomial forms of analytic map¬ 
pings in low dimensions to prove convergence of series and by Belotto on local resolution 
and monomialization of foliations (IZI)- A global form of the result of m holds on an 
algebraic three fold (over an algebraically closed field of characteristic zero) by combining 
the theorem of m with the patching theorem of Piltant in m- 

For dominant morphisms of algebraic varieties of characteristic zero, local monomial¬ 
ization along an arbitrary valuation is proven in m and m- It is shown in [26] that local 
monomialization (and even “weak” local monomialization where the vertical arrows are 
only required to be birational maps) is not true along an arbitrary valuation in positive 
characteristic, even for varieties of dimension two. 

Global monomialization (toroidalization) has been proven for varieties over algebraically 
closed helds of characteristic zero for dominant morphisms from a projective 3-fold ( [20] . 
[21j and [21]). Weak toroidalization (weak global monomialization), where the vertical 
arrows giving a toroidal map are only required to be birational is proven globally for 
algebraic varieties of characteristic zero by Abramovich and Karu |1] and Abramovich, 
Denef and Karu |5|. Applications of this theorem to quantiher elimination and other 
important problems in logic are given by Denef in m and m- 

The proof of local monomialization in characteristic zero function helds given in m 
and |19] does not readily extend to the case of analytic morphisms. This is because the 
methods from valuation theory that are used there do not behave well under the inhnite 
extensions of quotient helds of local rings which take place under local blow ups associated 
to an etoile. The behavior of a valuation associated to an etoile which has rank larger than 
1 is particularly wild (examples are given in |27]). and the reduction to rank 1 valuations 
(the value group is an ordered subgroup of M) in the proofs of [IT] and [19] does not 
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extend to a higher rank valuation which is associated to an etoile. New techniques are 
developed in this paper which are not sensitive to the rank of a valuation. The notion 
of “independence of variables” for an etoile, Definition 15.11 replaces the notion of the 
rational rank of a (rank 1) valuation which is used in [T7j and m- If e is an etoile over 
an irreducible complex analytic space X, then we have (as in the classical case of function 
fields) by Lemma 5.3 [27j the inequalities 

rank 14 < ratrankl4 < dimX 

where 14 is the valuation ring associated to e. 

The proofs of this paper can be adapted to give simpler proofs of the local monomial- 
ization theorem for characteristic zero algebraic function fields of m and |19] . However, 
two sources of complexity in the proofs of m and |19j do not exist in the case of com¬ 
plex analytic morphisms, and cannot (readily) be eliminated. They are the problem of 
residue field extension of local rings, and the problem of approximation of formal (analytic) 
constructions to become algebraic. 

The proofs of this paper, and the difficulties which must be overcome are related to the 
problems which arise in resolution of vector fields and differential forms ([52], 13] , [50], IH]) 
and in resolution of singularities in positive characteristic (some papers illustrating this are 
m, m, m, m, [m], m, m, m, [ig, m)- A common difficulty to monomialization 
of morphisms, resolution of singularities in positive characteristic and resolution of vector 
fields is the possibility of a natural order going up after the blow up of an apparently 
suitable nonsingular sub variety. 

We thank Jan Denef for suggesting the local monomialization problem for analytic 
morphisms, and for discussion, encouragement and explanation of possible applications. 
We also thank Bernard Teissier for discussions on this and related problems. We thank 
reviewers for their helpful comments and careful reading. 

2. A BRIEF OVERVIEW OF THE PROOF 

In this section we give an outline of the proof of Theorem 11.21 (and a stronger version. 
Theorem 18.12^ . Suppose that ip : Y —>■ X is a complex analytic morphism of complex 
manifolds and e is an etoile over Y. The first step is to reduce, using Proposition 13.51 in 
Section (3] to the assumption that p is quasi regular; that is, if we have a commutative 
diagram 

/? 4 - i oi 

y 4 X 

with (3 G e, and a, j3 products of local blowups of nonsingular analytic sub varieties then 
p\ : ipi{eY ) ey injective. This proof only uses the statement of the theorem 

of resolution of singularities. In fact, it is true that if p is quasi regular then p is regular 
(so p\ : 951 (ey ) ey injective), as can be deduced from the sophisticated 

local flattening theorem of Hironaka, Lejeune and Teissier [44] and with a different proof 
by Hironaka in [42]. This deduction is shown in [2^. However, we do not need this for 
our proof, and in fact deduce it in Corollary I8.III from our proof. The fact that we only 
assume quasi regularity, and not regularity, is addressed in the proof of Theorem 11.21 in 
Proposition 18.51 

With the assumption that p is quasi regular, we have reduced to the proof of Theorem 
18.101 and we have that e induces a restricted etoile on X (as explained at the end of 
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Section [3]). We will also need the fact, explained in Section [3l that there is a valuation 
with valuation ring I 4 on the union of quotient fields of local rings at the center of e of 
sequences of local blowups by nonsingular sub varieties above Y which are in e. 

The most important types of transformations (sequences of local blow ups or change of 
variables) used in the proof are the generalized monoidal transformation, GMT and the 
simple GMT (SGMT), which are defined in Section [5l The full set of transformations used 
are defined after the proof of Lemma 16.41 in Section [5l A GMT associates to a given set 
xi,... ,Xn of variables another set xi,... ,Xn (which are parameters at the point on the 
corresponding birational extension determined by the etoile e), defined by 


Xi = n(iCi + 
i=i 

where A = (a^) is a matrix of natural numbers with Det A = ±1 and Oj G C. 

A collection of variables xi,... ,Xn is called independent if every GMT in xi,...,is 
monomial (all aj = 0). This is a crucial concept in the proof. A critical fact is that a 
GMT preserves independence of variables. 

In the proof, we inductively construct commutative diagrams 

‘f’. 


Y ^ X 

i i 

Y ^ X 


Xi 

ClI 

= 2/1 • • 

■y\ 

Xr 

Cv' 1 

= Vi ■ ■ 

■y\ 

^r+1 

= Vs+l 



— Vs+l- 



where the vertical morphisms are products of local blow ups of nonsingular analytic sub 
varieties which are in e such that there exist regular parameters xi,..., Xm in and 

yi,... ,yn in such that yi,... ,ys are independent but yi,... ,ys,yi are dependent 

y ,€.y 

for all i with s + 1 < i < n, xi ,... ,Xr are independent, and identifying Xi with (p*{xi), 
there is an expression for some I 

^Is 
S 


( 1 ) 


We necessarily have that C = (cij) has rank r (by Lemma l4.1h with our assumptions. 
We will say that the variables (x, y) = (xi,. .., Xm] Vi, ■ ■ ■, Vn) are prepared of type (s, r, 1) 
if all of the above conditions hold. The above diagram ([T]) is labeled as equation (I14p in 
Section El where it is introduced in the proof. We say that (si,ri,/i) > {s,r,l) if si > s, 
ri > r and ri + li > r + I, and that (si, ri, li) > (s, r, 1) if (si, ri, li) > (s, r, 1) and si > s 
or ri > r or ri + /i > r + L 

Theorem 18.101 and thus Theorem 11.21 is a consequence of induction using Proposition 
18.91 which shows that if cp is not monomial, and an expression ([1]) holds, then we can 
construct some more local blow ups Yi —>■ T and X^ —>■ X of nonsingular sub varieties, 
with Ti —y G e such that we have a resulting morphism <^i : Ti —Xi giving equations 
m with an increase (si,ri,/i) > {s,r,l). 

We will now say a little bit about the proof of Proposition 18.91 and the necessary results 
preceding it. This is accomplished in Section [8l We start with an expression m, and 
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then we perform a sequence of transformations which maintain the form ([T]) to also put 
Xr+i+i into a monomial form consistent with ([1]). We may assume that there is no change 
in (r, s, 1) under these transformations (until the very last step), since otherwise we have 
already obtained a proof of the induction statement. 

We make use of the following method to reduce the order of a function along a valua¬ 
tion, taking a Tschirnhaus transformation iLemma lS.Sp and then performing sequences of 
blow ups to make the coefficients monomials (times units), and then performing a trans¬ 
formation of type 4) (dehned after the proof of Lemma [6.41 in Section [5]) to get a reduction 
in multiplicity. This is a variation on the reduction method of Zariski in except we 
consider valuations of arbitrary rank, and use the Tschirnhaus transformation which was 
introduced by Abhyankar and developed by Hironaka. This method is used repeatedly 
through out the proofs. 

Another important method is developed in Section [71 We define the notion of a formal 
series g in C[[yi,..., ys+i]] to be algebraic over xi,..., x^+i in Definition 17.11 We consider 
this notion through the decomposition of a series g expressed in ([261) and (l26l) . This 
decomposition was introduced in m- 

We perform 10 types of transformations to achieve the proof of Proposition 18.91 which 
are listed after Lemma 16.41 The basic transformations are 1), 2), 4) and 9) which are 
generalized monoidal transforms, and 3) and 10), which are generally used to make a 
Tschirnhaus transformation. 

In Lemma 18.31 it is shown that we can perform transformations which preserve the 
form ([I]) to transform a given element g € C{{yi,..., Us+l}} into a monomial in yi,..., 
times a unit. The decomposition of Section [7] is essential in the proof of this lemma. From 
this lemma, we obtain in Lemma 18.41 that if y € C{{yi,... ,ys-|-i}} is not algebraic over 
xi,... ,Xr, then we can perform transformations which preserve the form [T] to obtain that 

(2) g = P + yi{l)<^^---ysiiy‘ 

where P is algebraic over xi(l),...,Xr+i(l) and yi(l)'^i •••ys(l)'^'’ is not algebraic over 
xi(l),... ,Xr(l). 

In Proposition 18.51 we show that the natural map of formal power series 

C[[xi,..., Xr+i+i]] C[[yi,..., yn]] 
is an inclusion. (Since ip is quasi regular, we must have that the map 

C{{xi,..., Xm}} C{{yi,..., yn}} 

is injective.) 

Lemmas [8?6] and [8T] generalize Lemmas l8.3l and [8~4l to the case when g G C{{yi,..., yn}}- 

In Proposition 18.81 we now deduce that there is a sequence of transforms preserving the 
form dl]) such that 

Xr+i+i{l) = P + yi{lf^---ys{lf‘ 

with P G C{{yi(l),... ,ys+i(l)}} algebraic over xi(l),... ,Xr+i{l) and yi{lY^ •••^^(l)'^" 
not algebraic over xi(l),... , Xr(l) or we have an expression 

xr+i+i{l) = P + yi{lY^ ■ ■ ■ ys{lf’‘ys+i+i{'^) 

with P G C{{yi(l),... , ys+;(l)}} algebraic over xi(l),..., x,.+/(l). It now remains to 
perform a sequence of transformations which remove the P term. This is accomplished in 
Proposition 18.91 
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3. Preliminaries on analytic maps and etoiles 


We require that an analytic space be Hausdorff. 

Suppose that X is a complex or real analytic manifold and p G X. Let X = C or M. 
Suppose that xi, ... ,Xm are regular parameters in Then the completion of 

with respect to its maximal ideal is the ring of formal power series K[[xi,X 2 , • • •, Xm\\- 
The ring OJfp is then identified with the subring X{{xi,... ,Xm}} of convergent power 
series. By Abel’s theorem, the formal series 

/ = ^ K[[xi,...,Xm]] 

is a convergent power series if and only if there exist positive real numbers ri,..., Tf 
such that 


( 3 ) 


r.*l 


< M 


for every h, 

The local ring OJfp of a point p on a complex or real analytic space X is noetherian and 
henselian by Theorem 45.5 and fact 43.4 [49]. The local ring O^p is excellent by Section 
18 [37] (or Theorem 102, page 291 [48] and by (ii) of Scholie 7.8.3 [37]). 

A local blow up of an analytic space X (page 418 [43] or Section 1 [42]) is a morphism 
TT : X' —>■ X determined by a triple ([/, X, vr) where U is an open subset of X, X is a 
closed analytic subspace of U and tt is the composition of the inclusion of U into X with 
the blowup of X. If vr : X* —X is a sequence of local blowups, then taking X to be the 
union of the preimages on X* of the closed subspaces that are blown up in constructing 
TT, we have that X is a closed analytic subspace of X* such that the induced morphism 
X* \ X ^ X is an open embedding. 

Suppose that X is a real or complex analytic manifold. A divisor X on X is a sim¬ 
ple normal crossings (SNC) divisor if the support of X is a union of irreducible smooth 
codimension 1 sub varieties of X which intersect transversally. 

Suppose that cp : Y —X is a morphism of complex or real analytic manifolds. Gabrielov 
[35] (also [To] for a survey of this and related topics) has defined three ranks of at a 
point q of Y. Let p = (p{q). We have induced local homomorphisms 


and 

on the completions. We define 


^ ■ ^X,p C>Y,q 

f'X* . . /Aan 


rq{p) = generic rank 

= largest rank of the tangent mapping of <y9 in a small open neighborhood of g. 


Tq {ip) = dim O^p/Kernel p* 
r'^ip) = dimO™p/Kernel</?*. 

We have 

(4) rq{p) < r^{q) < rf{p) < dimX. 

We will say that p is regular at q if all three of these ranks are equal to the dimension of 

( 5 ) 


= ^qi^) = = dimX. 


If y is a connected manifold and ip is regular at a point q then ip is regular everywhere 
on y. In this case we will say that p is regular. 

The dimension of a subset S of a complex manifold X at a point p X is (page 152 

nil) 

dimp E = supjdim T | T is a sub manifold of U contained in £' n 17 } 

where U is a small neighborhood of p in X. 

If <y 9 : y —X is a complex analytic morphism of complex manifolds, q a Y and p = p{q), 
then dimp 99 ( 1 /) = rq{p) if 1 / is a sufficiently small neighborhood of g in y. 

If i? is a closed analytic subset of the complex manifold X and p & E, then 

dimpX = dimO^p 

where dimO^p is the Krull dimension of the local ring 

For real analytic spaces, we use the topological dimension T-dimp, which is defined 
analogously (Section 5 of [l2])- Rank and dimension are also discussed in [TO], along with 
some illustrative examples. 

An etoile is defined in Definition 2.1 [43] . An etoile e over a complex analytic space X 
is defined as a subcategory of the category of sequences of local blow ups over X. 

A sequence of local blow ups of X is the composite of a finite sequence of local blow 
ups {Ui,Ei,Tri). 

Let X be a complex analytic space. T(X) will denote the category of morphisms 
TT : X' ^ X which are a sequence of local blow ups. For tti : Xi ^ X G £(X) and 

712 : X 2 —>■ X G £(X), Hom( 7 ri, 7 r 2 ) denotes the X-morphisms X 2 ^ Xi (morphisms 

which factor tti and 7 r 2 ). The set Hom( 7 ri, 7 r 2 ) has at most one element. 

Definition 3.1. (Definition 2.1 m) Let X be a complex analytic space. An etoile over 
X is a subcategory e of £{X) having the following properties: 

1) //tt : X' ^ X G e then X' 0. 

2) If TTi £ e for i = 1,2, then there exists vra G e which dominates tti and 7 : 2 ; that is, 

Hom(7r3, TTi) ^ 0 for i = 1, 2. 

3) For all tti : Xi ^ X G e, there exists 7 r 2 : X 2 —>■ X G e such that there exists 
q G Hom( 7 r 2 ,TTi), and the image q{X 2 ) is relatively compact in Xi. 

4) (maximality) If e' is a subcategory of £{X) that contains e and satisfies the above 
conditions 1) - 3), then e' = e. 

The set of all etoiles over X is denoted by £x- 

Using property 3), Hironaka shows that for e £ £x, and vr : X' —>■ X G e, there exists a 
uniquely determined point P 7 r(e) G X' (which we will also denote by ex') which has the 
property that if a : Z —>■ X G e factors as 

y 4 X' 4 X, 

then /3{pa{e)) = P 7 r(e). We will also call ex' the center of e on X'. 

The etoile associates a point ex £ X to X and if tti : Xi —t/ is a local blow up of X 
such that ex £ U then tti G e and exi £ Xi satisfies vri(exi) = e-x- 11 t ^2 '■ X 2 —>■ C/i is a 
local blow up of Xi such that ex^ £ Ui then 7 ri 7 r 2 G e and ex2 G X 2 satisfies 772(0x2) = oxi ■ 
Continuing in this way, we can construct sequences of local blow ups 

Xn -A Xn-i —7> • • • —7> Xi —^ X 

such that 77i ■ ■ ■ 77i £ e, with associated points exi £ Xj such that 77i(eXi) = for all i. 
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In Section 5 of m it is shown that a valuation can be naturally associated to an etoile. 
We will summarize this construction here. 

Suppose that X is a reduced complex analytic space and e is an etoile over X. We will 
say that vr : Xn —)■ X € e is nonsingular if tt factors as a sequence of local blowups 

Xn-l —>■•••—>■ Xi —X 

such that Xi is nonsingular for i > 1. The set of local rings A.^ := such that vr is 

nonsingular is a directed set, as is the set of quotient helds K.^ of the (Lemma 4.3 and 

Definition 3.2 m)- Let 

Dg = limiLjr and 14 = lim^d^. 

—>■ —> 

Then 14 is a valuation ring of the field Dg whose residue held is C (Lemma 6.1 [27j). 
We now summarize some further results from [33] • Let X be a complex analytic space. 
Let £x be the set of all etoiles over X and for tt : Xi ^ X a product of local blow ups, let 

(6) = {e € I vr € e}. 

Then the form a basis for a topology on £x- The space £x with this topology is 
called the voute etoilee over X (Dehnition 3.1 |43jL The voute etoilee is a generalization 
to complex analytic spaces of the Zariski Riemann manifold of a variety Z in algebraic 
geometry (Section 17, Chapter VI [34]L 

The helds Dg are gigantic, while the points of the Zariski Riemann manifold of a variety 
Z are just (equivalence classes) of valuations of the function held k{Z) of Z, so many of the 
good properties of valuations of the function held do not hold for the valuation induced 
by an etoile. 

We have a canonical map Px '■ £x ^ Z dehned by Px{e) = ex which is continuous, 
surjective and proper (Theorem 3.4 [43]). It is shown in Section 2 of [43] that given a 
product of local blow ups tt : Xi ^ X, there is a natural homeomorphism : £xi £tt 
giving a commutative diagram 

£xi — £tt C £x 

Pxi i i Px 

Vi 4 V. 

Definition 3.2. Suppose that (p ■. Y X is a morphism of complex or real analytic 
manifolds, and p €zY. We will say that the map (p is monomial at p if there exist regular 
parameters xi,, Xm,Xm+i, ■ ■ ■ ,xt in ■ ■ ■ ^Vn in and Cij G N such 

that 

n 

<£*{xi) = forl<i<m 

i=i 

with rank{cij) = m and p>*{xi) = 0 for m < i < t. We will say that yiy 2 ---yn = 0 
is a local toroidal structure O at p and that p is a monomial morphism for the toroidal 
structure O at p. 

We will say that p is monomial onY (or simply that p is monomial) if there exists an 
open cover of Y by open sets Uk which are isomorphic to open subsets of C” (or and 

an open cover of X by open sets 14 which are isomorphic to open subsets of C* (or 
such that p{Uk) C 14 for all i and there exist Cij{k) G N such that 

n 

^*{xi) = forl<i<m 

i=i 
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with rank{cij) = m and ip*{xi) = 0 for m < i < t, and where Xi and yj are the respective 
coordinates on C* and C” (or Mf and 

We will say that yiy 2 ■ ■ ■ Vn = 0 is a local toroidal structure O on Uk and that (p\Uk is 
a monomial morphism for the toroidal structure O onUk- 


Definition 3.3. Suppose that (p :Y ^ X is an analytic morphism of connected complex 
analytic manifolds and e is an etoile over Y. Define 

deiif) = min{r^^(V9i)} 

where the minimum is over commutative diagrams of analytic morphisms 

Y^ n 

(7) n 

Y 4 


f a 
X 


such that Yi and Xi are connected complex analytic manifolds, fi £ e, a and fi are products 
of local blowups of nonsingular closed analytic sub varieties and there exists a nowhere 
dense closed analytic subspace Fi of Xi such that Xi\Fi ^ X is an open embedding and 
is nowhere dense in Yi. 

We will say that ip is quasi regular with respect to an etoile e on Y if 

deiv) = rty{p>) = dimX. 

Lemma 3.4. Suppose that ip ■. Y X is a morphism of connected complex analytic 
manifolds and e is an etoile over Y. Suppose that we have a commutative diagram 

Y2 ^ X2 

0!2 f f 1^2 

a f f j3 


such that Y 2 , X 2 , Yi and Xi are connected complex analytic manifolds, a £ e, aa 2 £ e and 
a,a 2 , fi, ^2 are products of local blow ups of nonsingular closed analytic sub varieties such 
that there exists a nowhere dense closed analytic subspace F 2 of X 2 such that X 2 \F 2 -£ X 
is an open embedding and ipf^{F 2 ) is nowhere dense in Y 2 . Then 


Proof. Let /Ci be the kernel of the homomorphism 


ipl-.O 


an 


^ o 


an 

Yuey^- 


The kernel /Ci is a prime ideal. There exists an open neighborhood V of (/9i(ey^) in Xi such 
that /Cl is generated by analytic functions fi,fr on V and Zi = Z{fi,..., f^) C V is 
analytically irreducible with dim^Pey^) Yi = r'^^^{(pi). We have ey^ G (pf^{V). Let Z 2 be 

the strict transform of Zi in fifi^iV). The open set ip'f^{fifi^{y)) fL (pf^{F 2 ) since (pf^{F 2 ) 
is nowhere dense in Y 2 and so ip 2 {oif^{ipf^{y))) F 2 . But 

iP2{T2\^2Hv))) = Mc^f\ipfHv))) C fifi\Zi) 
and so fifi^{Zi) (fi F 2 and thus Z 2 fi 0, ip 2 {oif^{ipf^{y))) C Z 2 and the ideal of the germ 
of Z 2 at ip 2 {eY 2 ) is contained in the kernel IC 2 of ip 2 '■ ^p 2 (eY ) ^ Thus 

ri^JdP2) < dim^^ley^) ^2 = dim^^(ey^) Zi = ((^ 1 ). 
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□ 


Proposition 3.5. Suppose that cp : Y X is a morphism of reduced complex analytic 
spaces and e € Sy is an etoile over Y. Then there exists a commutative diagram of 


morphisms 

Ve 



( 8 ) 



4-7 


Y 

4 

V 


such that 6 (z e, the morphisms 7 and 6 are finite products of local blow ups of nonsingular 
analytic sub varieties, Y^ and are smooth analytic spaces, there exists a closed analytic 
sub manifold of X^ such that ipeiYe) C and the induced analytic map (pe '■ Y^ ^ Z^ 
is quasi regular with respect to e. Further, there exists a nowhere dense closed analytic 
subspace of X^, such that X,,\ F^, ^ X is an open embeddding and ip~^{F,f) is nowhere 
dense in Y^. 


Proof. Let 


(9) a I I fd 

Y ^ X 

be a diagram as in ([7]) such that 

deip) = 

Let /C be the prime ideai which is the kernei of 


p\-.0 


an 

Xi,95i(eYj^) 


^ o 


an 


We can repiace Xi with an open neighborhood V of pi(eYj^) on which a set of generators of 
/C are anaiytic and determine a iocaiiy irreducibie ciosed anaiytic subset Z oiV and repiace 
Yi with pf^iy). After performing an embedded resoiution of singuiarities X 2 —Xi of 
Z and a resoiution of indeterminacy of the rationai map Yi X 2 , we may assume that 
Z is nonsinguiar. Then we have achieved the conciusions of Proposition 13.51 by Lemma 

m □ 


Suppose that p :Y ^ A is a reguiar morphism of nonsinguiar compiex anaiytic spaces 
and that e is an etoiie over Y. Then e naturaiiy induces an etoiie / over X; we have that 
Qf C fie and Vf = VeHflf by Proposition 6.2 m- 

If we do not assume that p -.Y ^ X \s reguiar, but oniy that p is quasi reguiar with 
respect to e, then the same construction of an induced etoiie on X is vaiid (by Lemma [3.4l 
and Proposition 13.51) . 

We in fact have that a quasi reguiar morphism is reguiar, as we deduce in Coroiiary 
18.111 This fact can also be deduced from the local flattening theorem of Hironaka, Lejeune 
and Teissier [H] and Hironaka [l2], as is shown in [27]. 


4. Valuations on algebraic function fields 

We begin this section by reviewing some material from Sections 8,9,10 of |3j and Chapter 
VI, Section 10 [54|. 
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Let K be an algebraic function field over a field k, and let be a valuation of K which 
is trivial on k. Let be the valuation ring of v and Lj, be the value group of v. Let 

0 = po C • • • C prf C 14 

be the chain of prime ideals in I 4 . Let Ui = {i^{a) \ a G pA{0}}' Let Lj be the complement 
of Ui and —Ui in L,^. The chain of isolated subgroups in Ty is 


0 = Lrf C • • • C To = 

The valuations composite with v have the valuation rings Vp^ with value groups Tj^/Tj. 
Let Vi be the induced valuation {vi(f) is the class of v{f) in Ty/Vi for / € iL \ {0}). The 
valuation v is called zero dimensional if the residue field Vy /p(i is an algebraic extension of 
k. In this section we prove the following lemma. In the case when v has rank 1 (so there 
is an order preserving embedding of Ty in M), Lemma 14.11 is proven in Section 9 of [53] . 
We extend this proof to the case when v has arbitrary rank d. Related constructions of 
Perron transforms along a valuation of rank greater than 1 are given by ElHitti in [33j . 


Lemma 4.1. Suppose that k is a field and v is a valuation of the quotient field of the poly¬ 
nomial ring k[xi ,..., Xg+i] such that v{xi) > 0 for I < i < s, v{xs+i) > 0, v{xi ),..., v{xs) 
are rationally independent and v{xs+i) is rationally dependent on v{xi),... ,v{xs)- Then 
there exists a composition of monoidal transforms (a sequence of blow ups of nonsingular 
subvarieties) of the form 


foi" ^ < i < s and 


^S + 1 






—a's+i,s+i 
*^ 5+1 


\j = ^ ) 

such that v{xi) > 0 for 1 < i < s and v{xs+i) = 0. 

If V is zero dimensional and k is algebraically closed, then there exists 0 a & k such 
that v{xs+i — a) > 0. 


Proof. The proof is by decreasing induction on the largest k < d such that there exist 
(with 1 < ii < • • • < ia < s) such that v{xs+i) is rationally dependent on 
v{xifi ),... ,v{xifi) and v{xifi), ... ,v{xi^) G T^. li k = d then v{xs+i) = 0, and the lemma 
is trivially satisfied, with {oij) being the identity matrix. 

Suppose that this condition is satisfied for k, and the lemma is true for A: + 1. Without 
loss of generality, since with this condition we can ignore the variables such that v(xi) ^ T^, 
we may assume that v{xi),... ,v{xs) G T^.. After reindexing the Xj, there exists r such 
that 1 < r < s and r'fc+i(xi),..., vi^^i{xr) is a basis of the span as a rational vector space 
of Vk+i{xi ),..., Vk+iixs) in (Tfc/Tfc+i) 0 Q. 

Suppose that there exists t with r < t < s and Vk+i{xt) 0. After possibly reindexing 
Xr+i, ..., Xs we may assume that Vk+i{xr+i) 0. We necessarily have that Vk+i{xr+i) > 0 
since v{xr+i) > 0. Since Vk/Tk+i is a rank 1 ordered group, we can apply the algorithm 
of Section 2 on pages 861 - 863 of [53| and Section 9 on page 871 of [53] to construct a 
sequence of monoidal transforms along v, 

Xi = x,.+i(l)“*’’'+L^) for 1 < z < r and 
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Xr+1 = 

and Xi = Xi{l) for r + 1 < i < s such that J/fc+i(xi(l)) >0 forl<i<r + l and 
r'fc+l(x^+l(l)) = Ait'fc+i(xi(l)) H-h \rVk+l{Xr{'^)) 

for some Ai,..., A^ € N (by equation (11’) on page 863 [53]). We necessarily have that 
some Aj > 0, so we may assume that Ai > 0. Then perform the sequence of monoidal 
transforms along v 

Xr+l{l) = xi(2)^i-1x 2(2)^2 • • • x,(2)^-x,+i(2) 


and Xj(l) = Xi(2) for i 7 ^ r + 1. Then iyk+i{xi{2)) > 0 for all i with 1 < i < r + 1 and 
r'fc+i(xr+i(2)) = r'fc+i(xi(2)). We necessarily have that 




y Xr+i(2) ) 


> Q 01 V 


( Xr+l{2) A 

V ^i(2) ) 


> 0 


as z^(xi(2)),... , z^(xs(2)) are rationally independent. In the first case, perform the monoidal 
transform along v 


xi(2) = xi(3)xr+i(3), Xr+i(2) = xi(3) and Xi(2) = Xi(3) for f 7 ^ 1 or r + 1. 


Otherwise, perform the monoidal transform along v 

xi(2) = xi(3), x,.+i(2) = xi(3)x,.+i(3) and Xi(2) = Xi(3) for f 7 ^ 1 or r + 1. 

We then have that i^(xj(3)) > 0 for 1 < f < s + 1, t'fc+i(xi(3)),... , t'fc+i(xr(3)) is a 
rational basis of the span of i^fc+i(a^i(3)),..., i^fc+i(xs(3)) as a rational vector space in 
(Tfc/Tfc+i) ( 8 )Q, j^(xi(3)),... , i/(xs(3)) are rationally independent, and z^(xs+i(3)) is ratio¬ 
nally dependent on z^(xi(3)),... , z^(xs(3)). We further have that z^fc+i(xr+i(3)) = 0. We 
repeat this algorithm, reducing to the case that Vk+iixi) = 0 ifr-|-l<i<s. 

Suppose that Vk+i{xs+i) > 0 (and Vk+iixi) = 0 for r -|- 1 < f < s). Then we apply the 
algorithm that we used above to construct a monoidal transform along v 

0^=1 Xs+i(l)“*’’’+i(^) for 1 < f < r and 

0^=1 Xj(l)“’'+l’j(^)^ X5+i(l)“''+lv+l(l) 

to achieve Vk+i{xi{l)) > 0 for 1 < i < r, z^fc+i(3;s+i(l)) = 0 and z^(xs+i(l)) > 0. Since 
r'fc+i(xi),... ^Uk+i{xr) are rationally independent, (fTOll implies that i^fc+i(xi(l)),... ,i'k+iixri^)) 
are rationally independent. Since Vk+iixi) = 0 for r < z < s and i'{xr+i), ■ ■ ■, i^{xs) € T^+i 
are rationally independent we have that 



zz(xi(l)), . . . , u{Xril)), u{Xr+l), . . . , v{Xs) 

are rationally independent. Since 


Z^(xi(l)), . . . , u{Xr{l)), u{Xr+l), . . . , l^{Xs), Z^(Xs+i(l)) 

and i^(xi),..., i'{xs) span the same rational subspace V of ( 8 ) Q, which has dimension 
s, we have that 

Z/(xi(l)), . . . , iy{Xr{l)), iy{Xr+l), ■■■, l^{Xs) 

is a rational basis of V, so i^(xs+i(l)) is a rational linear combination of 


Z^(xi(l)), . . . , l/(Xr(l)), u{Xr+l), . . . , l^{Xs). 




Since = 0 and i^(xfc+i(l)),... , t'fc+i(xr(l)) are rationally independent, we 

have that i/(xs+i(l)) is a rational linear combination of u{xr+i), ■ ■ ■ ,i^{xs) € rfc+i. We 
thus attain the conclusions of the lemma by decreasing induction on k. 

Finally, if v is zero dimensional and k is algebraically closed, then the class a of Xs+i 
in the residue field k of Vu is nonzero. Then necessarily v{xs+i — a) > 0. 

□ 


5. Generalized Monoidal Transforms 


Suppose that X is a nonsingular complex analytic space and e is an etoile over X. Let t'e 
be a valuation of Og whose valuation ring is 14 (Section [3]). Suppose that X —X G e and 
xi,..., Xn is a regular system of parameters in . Suppose that X —)■ X is such that 

X —> X —X G e. The germ of the local homomorphism ^ e— ^ Generalized 

Monoidal Transform (GMT) along the etoile e if has regular parameters xi,... ,Xn 

such that there exists an n x n matrix A = {aij) with aij G N and Det(4.) = ±1 such that 

n 

( 11 ) Xi = Y[ixj + 

i=i 


for 1 < j < n and aj G C (at least one of which must be zero since 

a local homomorphism). We will say that the GMT is in the variables x^^, 
GMT has the special form 

j^S 

for i G S' and 


IS 


/oan 

Xi if the 


Xi = Xi 

for i ^ S where S = {4,... ,im}- We will say that the GMT is monomial if all aj are 
zero. We observe that a GMT is a regular morphism. 

It will be assumed through out this paper that all GMT are along a fixed etoile e. 


Definition 5.1. The variables xi ,... ,Xs are said to be dependent if there exists a GMT 
m in xi,... ,Xs which is not monomial. 

The variables xi,..., x^ are said to be independent if they are not dependent. 

Lemma 5.2. Suppose that xi,... ,x<j are independent and is a GMT in xi,..., x*. 
Then xi,... ,Xs are independent. 

Proof. This follows since a composition of a GMT in xi,..., x* and in xi,..., x^ is a GMT 
in xi,..., x^. □ 

Definition 5.3. A GMT is a simple GMT (SGMT) if it can be factored by a sequence of 
blow ups of nonsingular subvarieties. 

Lemma 5.4. The variables xi,...,Xs are independent if and only if every SGMT in 
xi,... ,Xs is monomial. 

Proof. Suppose that every SGMT in xi,..., x^ is monomial and m is a GMT in xi,..., x^. 
We must show that all a* = 0. Let be the valuation of the quotient field X of C[xi,..., x^] 
which gives the restriction of to K. Let tt : Z —)• A* be a projective morphism of non¬ 
singular toric varieties such that xi,... ,Xs are regular parameters in Oz,p, where p is the 

15 


center of v on Z. Let J be a (monomial) ideal in C[xi,... ,Xs] whose blow up in A® is 
Z. By principalization of ideals (a particularly simple algorithm which is adequate for our 
purposes is given in [36]), there exists a projective morphism of nonsingular toric varieties 
A : —)■ A® which is a product of blow ups of nonsingular varieties such that JOz^ is 

locally principal, and so A factors through vr. Let / be a monomial ideal such that Z\ is 
the blow up of 1 . 

Let X\ be obtained by blowing up I in a neighborhood of in X. Then —)■ 

A,e^ 

ex ^ SGMT (since Z\ —>■ A® is a morphism of toric varieties which is a product of 
blow ups of nonsingular varieties). Thus Ozx,pi has regular parameters xi,... ,Xs (where 
Pi is the center of u on Zi) and xi,..., , x^ are regular parameters in 0“^ 

such that Xj = 0^=1 monomials for 1 < i < s. Since A factors through vr, and so 

there is a factorization 

we must also have that the given GMT (|lip is monomial. □ 

Lemma 5.5. Suppose that xi,... ,Xs are independent and 

Ml = ■ ■ ■ xf^^\ Ms =xf^^^---xf( 2 ) 

are monomials with di{j) € N. Then there exists a (monomial) SGMT in xi ,... ,Xs such 
that the ideal generated by Mi and Ms is principal in . 

Proof. Let u be the valuation of the quotient held K of C[xi,...,Xs] which gives the 
restriction of Ug to K. Since xi,...,Xs are independent, z^(xi),..., z^(xs) are rationally 
independent by Lemma ITTl Let I be the ideal generated by Mi and Ms in C[xi,... ,Xs] 
There exists a birational morphism of nonsingular toric varieties which is a product of 
blow ups of nonsingular subvarieties tt : Z —>■ A^ such that lOz is an invertible ideal 
sheaf. Let pi be the center of n on Z. Since vr is toric and z^(xi),..., z^(xs) are rationally 
independent, there exist regular parameters xi,... ,Xs in Oz,pi such that 

S 

( 12 ) 

i=i 

for 1 < i < s are monomials in xi,..., x^. Let J be the monomial ideal in C[xi,..., x^] 
whose blow up is Z. Let Xi be the blow up of J in a neighborhood of Cj^ in X. Then 
xi,..., Xs, Xs+i,..., Xm are regular parameters in and is a principal 

ideal. □ 

Lemma 5.6. Suppose that xi,... ,Xs G are independent, 7 G 0*^ is a unit and 

di,... ,ds G Q. Then xi = y'^^xi,...,x* = 'y'^‘Xs are independent. 

Proof. Suppose that xi,... ,Xs are not independent. Then there exists X ^ X giving a 
GMT Xj = 0^=1 + Aj)“*•’' for 1 < j < s with some aj 7 ^ 0. After reindexing the Xj, we 

may assume that dj = 0 for 1 < j < a < s and aj 7 ^ 0 for a < j < s. Define ci,..., c., G Q 
by 




where A = (aij). Then 0^=1 = 7*^* for 1 < i < s. We have 

(13) 77 = 7 ( 0)7 mod (f 1 ,..., Xa)0|°^ for all j. 

Set Xj = for 1 < j < a, and define aj = 7 ( 0 ) 76 ;^, xj = j'^^xj + aj) — aj for 

a<j<s. Then xi,... ,Xs are regular parameters in by (jl3p . Thus we have a 

GMT 

s 

Xi = ]^(Tj + for 1 < j < s 

i=i 

in xi,..., Xs, contradicting the independence of xi,..., x^ since some aj ^ 0. □ 


Lemma 5.7. Suppose that xi, ... ,Xs are independent and xi,...,x<j,x^+i are dependent. 
Suppose that m is A GMT in xi,... ,Xs+i such that some Uj 7 ^ 0. Then there are 
xi(l),...,Xs+i(l) in _ such that xi(l),... ,Xs+i(l),Xs+ 2 , ■ ■ ■ ,Xn are a regular system 

of parameters in and there is an expression 

S 

Xi = Xj(l)^*-’' for 1 < i < s 

i=i 


and 

S 

^s+1 — n-y(l)7x.+l(l)+a) 

i=i 

where 0 7 ^ a G C, hj^bj € N and the s x s matrix (bij) has nonzero determinant. Further, 
the variables xi(l),... ,Xs(l) are independent. 


Proof. Let R = C[xi,... ,Xs+i]( 3 ,^^ and K be the quotient held of R. Let (fTT]l be a 

GMT in xi,... ,Xs,Xs+i which is not monomial and Ri = C[xi,... We 

have a commutative diagram of injective local homomorphisms 


R Of 

X,e^ 

i I 

Ri ^ Of . 

X,e^ 

The held K is also the quotient held of Ri and i? —>■ is birational. Let u be the 

restriction of t'e to K. We have that v dominates R and v dominates Ri. Since all GMT 
in xi,..., Xs are monomial, we must have that v{xi), ..., ^{xs) are rationally independent 
by Lemma l4. II We have that 

s+l 

^{xi) = ^ aijv{xj + aj) for 1 < z < s + 1 . 
i=i 

Thus after possibly interchanging the variables xi,...,Xs+i, we have that ai = ... = 
as = 0. Further, since our GMT m is not monomial, we must have that f 0 . 

Thus the s x s matrix consisting of the hrst s rows and columns of x4 = (aij) has rank 
s and (xi),..., zz(xs) are rationally independent. There exists A, G Q such that after 
replacing Xj with Xj(l) := {xs+i + ots+i)^^Xi for 1 < z < s, we have that Xj = 0^=1 Xj(l )“0 
for 1 < z < s and x^+i = 0^=1 (®s+i + Q^s+i)'^ where A G Q is non zero since 

Det(x4) f 0. Setting Xs+i(l) := (x^+i + a<j+i)^ — and a = as+i, we obtain the 

expression of the GMT asserted in the lemma. 
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The values Ue^xi ),..., Veixs) are rationally independent, and Ue{xs+i + cts+i) = 0, so 
t'e(xi(l)),... , Ue{xs{l)) are rationally independent. Thus xi(l),... , Xs(l) are independent. 

□ 


The following lemma giving a Tschirnhaus transformation will be useful. 


Lemma 5.8. Suppose that F € C{{xi,..., x„}} and ord F{0 ,... , 0, Xn) = t > 1. Then 
there exists <1> E C{{xi,..., Xn-i}} such that setting Xn = Xn — we have that 

F = Toxi + H- \-Tt 

where tq E C{{xi, ... ,Xn}} is a unit and ti E C{{xi, ... ,Xn-i}} for 2 <i <t. 


Proof. By the implicit function theorem (cf. Section C.2.4 [47j). 

= u{Xn - 

uXn 

where u E C{{xi,... ,Xn}} is a unit series and E C{{xi,... ,Xn-i}}. Let — 4>. 

Let G{xi ,..., Xn-i,Xn) = Fixi ,..., Xn). We expand 

G = G{xi,...,Xn-l,0) + §^{xi,...,Xn-l,0)Xn^ - ^ . . . , Xn-l,0)xlF^ 


We have 


(^ 1 ) • • • 5 Xn-1, 0 ) 


d^-^F 

„ f_l {xi, ■ ■ . = 0 

uXn 


and 


, d^F, 

-(Xi,...,Xn-l,0) = 7—(Xi,...,X„_i,4>) 


OXn oxi 

is a unit in C{{xi,... ,x„}}, giving (by ([3])) the conclusions of the lemma. 


□ 


6. Transformations 


Suppose that ip :Y —>■ X is an analytic morphism of complex analytic manifolds and e 
is an etoile over Y such that p is quasi regular with respect to e (Section [3]). We will also 
denote the induced etoile on X (Section [3]) by e. 

Suppose that Y ^ Y £ e and X —>■ X E e give a morphism p :Y X. Then 




Of 

Ji. ,e < 


Of 

Y,e^ 


is injective, so we may regard Of^_ as a subring of Of^_. Assume that there exist 
regular parameters xi ,...,Xm in Of and yi,... ,yn in Of such that yi,... ,ys are 

independent but yi,... ,ys,yi are dependent for all i with s + 1 < i < n, xi,... ,Xr are 
independent, and identifying Xi with p*{xi), there is an expression for some I 


Xi 

= yf ■ ■ 

■y\ 

Xr 

= 

■y\ 

^r+1 

= Vs+l 



Vs+l- 
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(14) 








We necessarily have that C = (cij) has rank r (by Lemma l4.1h with our assumptions, 
and so by the rank theorem (page 134 [17]) and the inequality dH) there is an induced 
inclusion 

C[[xi, . . . , Xr+l]] C[[?/i, . . . , yn]]- 

Assume that Ey is a SNC divisor on Y supported on Z{yiy 2 ■ ■ ■ ys) (in a neighborhood 
of ey) in Y. 

Definition 6.1. We will say that the variables {x,y) = {xi,..., Xm',yi, ■ ■ ■ ,yn) are pre¬ 
pared of type (s, r, 1) if all of the above eonditions hold. 

We will say that (si,ri,/i) > {s,r,l) if si > s, ri > r and ri + li > r + I, and that 
(si, ri, li) > (s, r, 1) if (si, ri, Zi) > (s, r, 1) and si > s or ri > r or ri + li > r + L 

We will perform transformations of the types 1) - 10) below, which preserve the form 
(|14p (and the quasi regularity of the morphism of germs), giving an expression 


(15) 


Xl(l) 


..y,(l)-iAl) 

Xr{l) 

= yi(l)'="bi) . 

..y,(l)^-(l) 

Xr+l(l) 

= Vs+lil) 


a:r+z(l) 

= ys+i{i) 


(1) and yi{l),. 

... ,Xn{l) are respective reg 


and in the induced commutative diagram of quasi regular analytic morphisms 

F 4 X 




1 

Y 


I 

A. 


where Y ^ Y ^ Y & e and X ^ X ^ X & e. 

Further, we will have that xi(l),... ,Xr-(l) are independent and yi{l),... ,ys{l) are 
independent. So we either continue to have that yi(l), • • •, ?/s(l)) yt(l) are dependent for 
all s + 1 < t < n or after rewriting m, we have an increase in s, without decreasing r 
or r + L In summary, we will have that the variables (x(l),y(l)) are prepared of type 
(si,ri,;i) with (si,ri,^i) > (s,r,/)• _ 

Let Ey be the pullback of Ey on Y. Then 

Ey i^supported on Z{yi{l)y 2 {l) ■ ■ ■ ys(l)) C Y 
and Y \ Z{yi{l)y 2 {l) ■ ■ ■ ys(l)) —>■ T is an open embedding. 

Lemma 6.2. Suppose that {x,y) are prepared of type {s,r,l) and 


(16) 


Xj = ]^ Xj(l)“*^' for 1 <i <r 
is a GMT in xi,... ,Xr. Then there exists a SGMT 

S 

y* = n forl<i<s 

sueh that the variables (x(l),y(l)) are prepared of type {si,ri,li) with (si,ri,/i) > (s,r,/). 
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Proof. Let u be the restriction of Uf. to the quotient field K of C[yi,... ,ys], which contains 
C[xi ,... ,Xr]. The values z^(yi),..., r'iys) are rationally independent and , ^{xr) 

are rationally independent by Lemma 14.11 The inclusion C[xi,..., Xr] C[yi,... ,ys] 
induces a dominant morphism A® —)• A*” of nonsingular toric varieties. Let vr : Z —>■ A^ be 
a projective morphism of nonsingular toric varieties such that xi(l),..., x,-(l) are regular 
parameters in Oz,p where p is the center of v on Z. Let J be a monomial ideal in 
C[xi ,... ,Xr] whose blow up is Z. By principalization of ideals, there exists a projective 
morphism of toric varieties A : VL —A® which is a product of blow ups of nonsingular 
subvarieties, such that JOw is locally principal, so that the rational map W —■> Z 
is a morphism. Let qi be the center of u on W. Since ^{yi),... ,v{ys) are rationally 
independent and A is toric, there exist regular parameters yi,... ,yg in Ow,gi and bij G N 
with det( 6 jj) = ±1 such that 

2 /i = n yi' for 1 < z < s. 
i=i 


W is the blow up of a (monomial) ideal H in C[yi,..., y^]. Let Yi ^ T be the blow up of 
iL in a neighborhood of Cy. Let be the center of e on Ti. Then yi,... ,ys,ys+i, ■ ■ ■ ,yn 
are regular parameters in , giving the conclusions of the lemma. □ 

Lemma 6.3. Suppose that {x,y) are prepared of type {s,r,l), 1 <m<l and 


Xj = for 1 < i <r 

i=i 


and 

r 

^r+m — (^) Q:) 

with 0 ^ a E C is a GMT. Then there exists a SGMT 

s 

2/* = n forl<i<s 

j=i 


and 

S 

Vs+rn = n + «) 

i=i 

such that the variables (x(l),y(l)) are prepared of type (si,ri,/i) with (si,ri,2i) > {s,r,l). 


Proof. Let xi,..., be the variables defined by m which lead to the variables xi(l),...,x„(l) 
of the statement of Lemma 16.31 by the analytic change of variables defined in Lemma 15.71 
Let n be the restriction of to the quotient held iL of C[yi,..., 2 /s+m]) which contains 

C[xi,..., Xr, Xr+m]- Then n{yi ),..., z^(ys) are rationally independent by Lemma l4T] and 
^{ys+m) = t^{xr+rn) IS rationally dependent on z^(xi),..., i'(xr), hence v{ys+rn) is rationally 
dependent on z^(yi),..., n^yf). Let vr : Z —)■ A^^^ be a projective morphism of nonsingular 
toric varieties such that xi,... ,Xr,Xr+m are regular parameters in Oz,p where p is the 
center of on Z. We have that 

Xi = 0^=1 (Tr+m+ a)““'’'+i for 1 < i < r and 
Xr+m = nj=lT“''^^’'’(Xr+m + a)“’'+^’’"+^ 

where 0 / a G C. 
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Let J be a (monomial) ideal in C[a:i,..., Xr,Xr+m] whose blow up is Z. By principaliza- 
tion of ideals, there exists a toric projective morphism A : VL —)• which is a product 

of blow ups of non singular varieties such that JOw is locally principal. Let qi be the 
center of u on W. Since ■ ■ ■, v{ys) are rationally independent, and A factors through 

Z, we have that Ow,qi dominates Oz,p and Ow,qi has regular parameters yi,... ,yg,yg^jn 
such that 

Vi = + for 1 < i < s and 

ys+m = 

where 0 / /? G C, G N and Det( 6 jj) = ± 1 . 

The variety W is the blow up of a monomial ideal H in C[yi,... ,ys, ys+m]- Let Yi 
be the blow up of Lf in a neighborhood of ey. Let ey^ be the center of e on Yi. Then 


Uli ■ ■ ■ 1 Vsi Vs+li • • • ) ys+m—1) ys+mi Vs+m+li ■ ■ ■ lyn 

are regular parameters in „ . 

In , we have the following relations between the variables x and x(l). 


(19) 


with = a and 


= (xr+m(l) + OiY'^^Xi{\) for 1 < z < r and 


Xr+m — (^r+m(l) T Ck) Q. 


(o-ij) 


/ 7i \ 


7r 

V 1 


with 


c = det 


On • • • air 


Qrl 


det 


/ 0 \ 
0 

V i / 

On 

y Oj.-i_i 1 


®l,r+l 

Q-r+ljr+l 


In , we have the following relations between the variables y and y(l) of the proof 

of Lemma IA7I 

yj = {ys+miY + /3)^^yi{l) for 1 < z < s and 
ys+m = (ys+m(l)+/3)‘^ 


( 20 ) 

with (3^ = (3 and 


/ n \ 


ihj) 


( 0 \ 
0 


with 


d = det 
We have expressions 



V 

1 / 

V 3 / 


/ 6 ii • 

• • bis \ 

det 

( bii •• 

bi,s+i \ 

\ bsi • 

i^ss j 


^ ^s+1,1 • • 

• bs+i,s+i J 


= xf ^ • • • xY'"xlYm for 1 < z < r 
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and 


— I — ^r+1,1 9r-\-l,r Qr+l.r + l 

Xr+rn Oi — ■ ■ ■ Xr 


where (gij) = (aij) ^ and 


and 


where (hij) = (bij) ^ 


Vi = for i < z < s 


ys+m + P = yi 


^ ^ -L s O _ . O i ■ C 

y^ y s+rn, 


%]) — 

Substituting (fT^ . we have 


and 

where 

We have 

( 21 ) 


Xi = yi^ ■ ■ ■ yf^ytXm for 1 < i < r 


— I ^ ^^r+l,s „ ,<^r + l,s + l 

Xr+WC ~\~ Oi — ' ' ' ys Vs+rn 


{diX (Uj 


^-1 


(cjX) 0 
0 1 


Xi = yX ■ ■ ■ yV'Xys+m + for 1 < z < r and 

Xr+rn + « = • • • yf {ys+m + PY^+'-'‘+^ 


where (e^) = {dij){hij) ^ Since iy{xr+m + a) = I'iys+m + ld) = 0 and i^{yi),.. .,v{ys) are 
rationally independent we have that 

0 — Cj.-1-1^1 — • • • — er-\-l^s- 

We then have that es+i,s+i Y 0 since rank(eij) = r + 1. We have that eij > 0 for 
1 < z < r + 1 and 1 < j < s + 1 since A factors through Z. We compute 


Xij) 


/ n \ 


\ 1 / 


— (ajj) 


-1 f ( cij ) 0 


/ 0 \ 


0 1 ^ 

u y 

/ 0 \ / 7i \ 


^-1 


0 

V 1 I 


It 

\ 1 / 


Substituting (fl^ and (l20l) into (1211) . we obtain 

Xi{l){xr+rn{Y + = yi{lY'^ ■ ■ ■ ysilY^Xys+raX) +for 1 < z < r 

and 

(xr+mX) + aY = {ys+miY + YY- 

We thus have an expression (after possibly replacing with its product times a root 

of unity) 

S 

Xj(l) = yj{lY'^ for 1 < z < r 
i=i 


and 


Xr+miY — ys+m(l) 
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giving the conclusions of the lemma. □ 

Lemma 6.4. Suppose that {x,y) are prepared of type {s,r,l), rh > I and we have an 
expression 

^r+l.s 

Xr+m = 2/i ■■■Vs U 

where u G C{{yi,..., j/n}} is a unit and 

r 

Xi = for 1 < i < r and 

r 

Xr+rn = 3 :^( 1 )“^ (Xr+m(l) + «) with 0 7 ^ Q: G C 

i=i 

is a GMT in xi,..., Xr, Xr+m- Then there exists a SGMT 

S 

yi = Y[ forl<i<s 

i=i 

inyi,... ,ys such that the variables (x(l), y(l)) are prepared of type (si, ri, h) with (si, ri, li) 
{s,r,l). 

Proof. By Lemma 15.71 the GMT (x) —>■ (x(l)) is determined by a monoidal transform 


Xi = 


xf^ j {xr+m + for 1 < i < r and 

vi=i 




Xr+m =111 


(Xr+m + 


where det(g'ij) = ±1 and 

. . Xi(l) = (xr+m + a)^“Xi for 1 < i < r and 

Xr.+m(l) = fXr+m. + Ol)^-Oi^,a = a^ 

for suitable Ai,A G Q (with A ^ 0). Letting {cij) = {gij)~^ and {dij) = {gik)~^{ckj), we 
have 

S 


Xi = 


y-'"^ 1 for 1 < 2 < r and 


u’=i 


Xr+m + a = l^n j • 

The values t'e(yi), • • •, i^eiVs) are rationally independent by Lemma ITTl Since 

Ue{xr+m + a) = ne{u) = 0, 

we have that dr+ij = 0 for 1 < j < s. Thus by (f22I) . 

(23) Xr+m{'^) = _ a G C{{7/1, ..., yn}}. 

Write 


where Mi,Ni are monomials in yi,...,ys for 1 < i < r. Let K be the ideal K = 
nt=m ,Ni) in C{{yi,..., By Lemma 15.51 there exists a (monomial) SGMT in 

s 

yi = Y\ % for 1 < i < s 

i=i 

such that is a principal ideal. yi(l),... ,ys(l) are independent by Lemma 

15.21 Since Ve{Mi/Ni) = Ue{xi) > 0 we have that Ni divides Mi in 0“;^) for 1 < i < s 
and so we have an expression 

Xi = for 1 < i < r 

with Cij{l) G N. Since Xi{l) is necessarily a Laurent monomial in ...,^^(l) for 

1 < i < s, comparing with ()22l) . we see that 

S 

Xj(l) = for 1 < i < r. 

i=i 

Since Xr+m(l) £ C{{yi(l),... ,?/„(l)}} by ([25|) . we have attained the conclusions of the 
lemma. 

□ 


Suppose that {x,y) are prepared of type {s,r,l). We will perform sequences of trans¬ 
formations of the following 10 types for 1 < i < 10 each of which will be called a trans¬ 
formation of type i) from the variables {x,y) to (x(l),y(l)). The variables x(l) and y{l) 
are respective regular parameters in ey(i) the corresponding 

diagram of quasi regular analytic maps 


y(i) 

I 

Y 


X(l) 

I 

4 X 


where Y{1) £ e and X(l) —X —X G e. We have that (x(l), 7 /(l)) is prepared 

of type (si,ri,/i) with (si,ri,/i) > {s,r,l) for all 10 types of transformations. The fact 
that none of s,r or r + I can go down after a transformation follows from Lemmas 15.21 
15.71 and 15.61 Existence of transformations of types 2) and 4) follow from Lemmas 16.21 and 
[Ql A transformation of type 9) will be constructed in the proof of Proposition 18.91 (using 
Lemma 16.4j) . 

Transformations of types 1) to 4) are the most basic and are used most of the time. 
Transformations of types 1) - 6 ) and 1) - 8 ) are used in blocks, depending on the lemma or 
proposition. Transformations of type 3), 5) or 10) are often used to make a Tschirnhaus 
transformation (Lemma 15.8h . A transformation of type 8 ) is often used to make a change 
of variables, giving an increase in r. A transformation of type 9) is used at the end of the 
proof of Proposition 18.91 

1) A (necessarily monomial) SGMT in yi,... ,ys, 

S 

y* = n for 1 < ^ < s, 

i=i 
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2 ) 


3) 

4) 


5) 


6 ) 

7) 

8 ) 

9) 


10 ) 


with Det(6ij) = ±1. 

A (necessarily monomial) SGMT in xi,..., followed by a (necessarily monomial) 
SGMT in yi ,... ,ys, 

r 

Xj = ]^ Xj(l)“*^' for 1 < i < r 


and 

S 

y* = n for 1 < i < s 

j=i 

with Det(ajj) = ±1 and Det(6jj) = ±1. 

A change of variables Xr+mi^) = Xr+m — ‘h for some m with 1 < m < / and 
€ C{{xi,..., Xr+m-i}}, followed by a change of variables ys+m(l) = 2/s+m — 

A SGMT in xi,..., x,., Xr+m followed by a SGMT in yi,..., ys.,ys+m. for some m 
with 1 < m < ^, 


r r 

iCj = n Xj{iy^^ for 1 < i < r and Xr+m = Xj{l)°-^ (xr+m(l) + a) 

i=i i=i 

for some 0 7 ^ a G C, and 

S S 

yi = n for 1 < i < s and y^+m = JJ yj(l)^" (ys+m(l) + a) 

i=i i=i 

with Det(aij) / 0 and Det{bij) / 0 and 0^=1 yi(7)^^ = 05=1 • 

A change of variables ys+m(l) = F with F G C{{yi,..., ys+m}} and 


ord F(0,... , 0, ys+m) = 1 


for some m with rn > 1 . 

A SGMT in yi,..., ys,ys+m, for some m with / + l<m<n — s. 

An interchange of variables ys+i and ys+m with s + l<s + i<s + m<n. 

A change of variables, replacing yi with yi'y^* for 1 < i < s for some unit 7 G 
C{{yi,..., yn}} and c* G Q such that the form (fH|) is preserved. 

A SGMT in xi,..., x,., Xr+m followed by a SGMT in yi,..., y^ (supposing that 
rn > I and 

Xr+m = y\^ ■■■ yl^u 
where u G C{{yi,..., yn}} is a unit), 

r r 

Xj = n Xj{l)°'^^ for 1 < z < r and Xr+m = (!)“■’(a^r+rn(l) + a) 

i=i j=i 

for some 0 7^ a G C, and 

S 

y* = n for 1 < z < s 

i=i 

with Det(6ij) = ±1 and Det(ajj) 7^ 0 and 0^=1 y^'’ = 0^=1 ■ 

A change of variables, replacing Xr+m with Xr+m — 4 ) for some I <rn < m — r and 
$ G C{{xi, . . . , Xf+m—l}}' 
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In the following, we will assume that {s, r, 1) is preserved by these transformations. If 
this does not hold, then we just start over again with the assumption of the higher (s, r, 1). 
As these numbers cannot increase indefinitely, we will eventually reach a situation where 
they remain stable under the above transformations. 

A sequence of transformations 

(x, y) (x(l), 7/(1)) ^-^ {x{t - l),y{t - 1)) {x{t),y{t)) 

will be called a sequence of transformations from {x,y) to {x{t),y{t)). 

Observe that a sequence of transformations (which are of types 1) - 10)) satisfy the 
condition (fT6]l . 


7. A DECOMPOSITION OF SERIES 


In this section, suppose that {x,y) are prepared of type (s,r,/). As commented after 
m, we have a natural inclusion of formal power series rings 

C[[xi, . . . , Xr+l]] C C[[7/1, . . . , ys+l]]. 


Definition 7.1. Suppose that g € A:[[7/i,..., 7/„]]. We will say that g is algebraic over 
xi,..., Xr+i if g & C[[7/i,..., 7/s+;]] and g has an expansion 


(24) 
where a 


E il i, *s+l is+l 

an,...,i,+,yi ■■■y/Vs+i ■■■Vs+i 


^ C is nonzero only if 

( Cll 

rank 

Crl 

\ 


Cls 


= r. 


/ 


Observe that the property that g is algebraic over xi,..., Xr+i is preserved by a trans¬ 
formation of type 8). 


Lemma 7.2. Suppose that xj^ • • • x^’' with bi,... ,br £ 7, is such that £ 

C[7/i, ...,7/s] is algebraic over xi,..., x^. Then there exists a SGMT 

r 

Xj = Xj(l)“*'^ for 1 <i <r 

i=i 


such that 

with bi{l) £ N for all i. 


Proof. Let p be the restriction of Vg to the quotient field of C[7/i,..., t/s]- We have 
i'{x\^ ■ ■ ■ x\^) > 0. Write x^^ • • • x^’’ = ^ where Mi and M 2 are monomials in xi, ..., x^. 
We have that v{Mi) > p(M 2 ). By Lemma 15.51 there exists a monomial SGMT in 
xi,... ,Xr such that the ideal generated by Mi and M 2 in 0“(i) is principal. Since 

p(Mi) > p(M 2), we have that M2 divides Mi in ex(i)’ Saving the conclusions of the 

lemma. □ 
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Suppose that g G C[[yi,..., Vs+i]]- As on page 1540 of [H], we have an expression 

(25) g= 

[A]g(zV(Q’"C')nZ'>) 

where 

(26) /i[A] = ^ gaVi^ • • • 

aGN® I [q:] = [A] 

with ga G C[[?/^+i,..., Vs+i]]- 

If 5 G C{{yi,..., Vs+i}} then each h[A] G C{{yi,..., Vs+i}} by the criterion of ([3]). 

Proposition 7.3. Suppose that A = (Ai,..., A*) G is fixed. Then there exists a SGMT 
of type 2), (x, y) i-)- (x(l), y(l)), rci,..., G N and d G Z>o such that 

(27) (5[a] := e C[[xi(l)^,...,x^(l)3,x,.+i(l),... ,x^+i(l)]]. 

Vi ■■■Vs” 

If [A] = 0, we further have 

h[A] G C[[xi(l)3,.. . ,X,.(l)3,Xr+i(l),. . . ,X^+/(1)]]. 

If g e C{{?/i,..., 7 /s+z}}, then (5[a] G C{{xi(1)s, ..., Xr(l)3, Xr+i(l), • • • , x^+i(l)}} by the 
criterion m- 

Proof. Write C = {Ci,... ,Cs) and let $ : —)■ Q* be defined by <I)(u) = vC for u G 
<h is injective since C has rank r. Let G = $~^(Z*). For A = (Ai,..., A^) G N^, define 

-Pa = {'y G I vCi + Aj > 0 for 1 < i < s}. 

For A G N^, we have 

^[A] = i/i^ • 2 /^ I X] xfi ■■■ x'figy I 

\u=('ui,...,iJr)eGnPA / 

where g^ G C[[xr.+i,..., Xr+i\\ and we have reindexed the ga = gvC+\ in ((26l) as 5 ^. Let 

H = {v ^7/ \ vCi > 0 for 1 < i < s}, 

/ = {x G G I vCi > 0 for 1 < i < s} 
and for A = (Ai,..., A^) G N®, 

A/a = {x G G I vCi + Aj > 0 for 1 < i < s}. 

We have that Pa is a rational polyhedral set in whose associated cone is 

u = {x G I vCi = 0 for 1 < i < s} = {0}. 

Let W = Q^. We have that G is a lattice in W and Pa is strongly convex. Thus 
Ma = Pa n G is a finitely generated module over the semigroup I (cf. Theorem 7.1 |29jL 
Let n = [G : Z^]. We have that rex G H for all x G /. Gordan’s Lemma (cf. Proposition 
1, page 12 [M]) implies that H and I are finitely generated semigroups. There exist 
wi,... ,wj G I which generate I as a semigroup and there exist xi,..., Xa G H which 
generated H as a semigroup. Then the hnite set 

{aitxi + • • • ajWj I a, G N and 0 < Oj < re for 1 < i < 7} 
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generates I as an i?-module. We thus have that M\ is a finitely generated module over 
the semigroup H. Thus there exist ui,..., € Ma such that if u = (ui,..., v^) G Ma, 

then 

a 


V = Ur 


+E 


n,u 


3 




for some 1 < * < 6 and ni,..., ng- G N. Thus 


V\ Vr '^i.r "1 T / 

X -*- , , , /Tri ^ ' - /y» ’ ... "T* ’ III ’ ... 

^ - *^1 ch' 7 ’ I I 


^3 

Xf 


where ui = {ui^i ,..., for 1 < z < 5 and vj = (uj,i,..., for 1 < j < a. By Lemma 
ED and Lemma 16.21 there exists a transformation of type 2) such that for 1 < j < a, 




Xi 




with (z;(l)j^i,..., u(l)j_r) G for 1 < j < a. We then have expressions of all A = 
(Ai,..., As) G N®, where Iti,..., G depend only on A, 






9i 


i=l 


where gi G C[[a;^+i(l),... ,x^+;(l)]], 

A(l) := (Ai(l),...,As(l)) = A(6,,) 

and 

?x(l) j — (1), . . . , (1)) — 'Uj {cLij ). 


If A = 0, we have Ma = / so that Xi’ ■ ■ ■ is a monomial in yi,..., for 1 < i <b, 
so we can construct a transformation of type 2), (x, y) i-)- (x(l), y(l)) so that we also have 
that the Ui{l) satisfy Ui{l) G Q>g for 1 < z < A 

Now let d be a common denominator of the coefficients of the zlj(l) for 1 < z < 6. If 
[A] =0, we have that 

/Z[A] G C[[xi(l)T... ,x,,(l)Txr+i(l),... ,x^+z(l)]]. 

If [A] 7 ^ 0, we choose w = {wi, ..., Wr) G N'" such that zc + zz* G Q>q for 1 < z < 5. Then 

X)“l ■ ■ ■Xjf" G C[[xi(l)T. . . ,Xr(l)TXr+l(l),. .. ,X^+i(l)]]. 


Ai A 
Vi ■■■Vs 


□ 

Lemma 7.4. Suppose that f G C{{xi,..., Xm}} C C[[yi,..., pn]] is algebraic overxi ,..., x^+z- 
Then f G C{{xi,..., Xr+i}}. 

Proof. By Proposition 17.31 and by the criterion of dS]) , there exists a monomial GMT 

Xi = • • • Xr(l)“^’’*'^^ 


( 28 ) 


Xr = Xi(l)“''l(^) ■ ■ ■ X,.(l)“’'’'(^) 
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with Det(ajj(l)) = ±1 and d G such that 


/ € C{{xi(l) d , . . . , Xr{l) d , Xr+l, Xr+l}}. 


Let 


5(2) = nfi,...,v=i(^-/(‘^*^ 3 :i(l)d,...,a;*’-Xr(l)d,x,.+i,...,x^+i)) 

G C{{xi(l), . . . ,Xr(l),Xr+l, . . .,Xr+l}}[z] 


where w is a primitive complex d-th root of unity. We have that / is integral over 
C{{xi(l),... , Xr.(l), Xr+l, • • •) Xr+l}} since / is a root of g{z) = 0. But 

/ G C{{xi(l), . . . , Xr(l), Xr+l, • • • , Xm}} 

and C{{xi(l),... ,Xr(l),Xr+i,... ,Xr+z}} is integrally closed in 

C'{{xi(l), . . . , Xr(1), Xr+l) ■ ■ ■ ) Xm}} 

SO / G C{{xi(l),... ,Xr(l),Xr+i, • • • ,Xr+i}}- Substituting ([28|) into the series expansion 
of / in terms of xi,... ,Xm we obtain that / G C{{xi,... ,Xr+i}}- 


□ 


Lemma 7.5. Suppose that g G C[[?/i,..., ys+;]] has an expression g = Y1^[A] o,nd one 
of the transformations 1) - 4) o.re performed. Then g G C[[?/i(l),..., i/s+/(l)]] o,nd if g = 

Y} ^j^/] is the decomposition in terms of the variables yi(l), • • • , ys+i{^) and xi(l),..., Xr+i{l), 
then 


~ ^[KB\ 


(29) 


where 



with bij defined as in the definitions of types 1), 2) and 4) (and with B being the identity 
matrix for a transformation of type 3). 

In particular, if a transformation of type 1) - 10) is performed, then f G C[[?/i,... ,yn]] 
is algebraic over xi,..., Xr+i if and only if f is algebraic over xi(l),..., Xr+z(l). 

Proof. We will prove (I29p in the case of a transformation of type 4). The other cases are 
simpler. With the notation of (|26ll . we have expansions 


Oa = ^(yi(l)''i • ■ ■ys{lf‘‘fga,i 


i 


with ga,i G C[[i/s+i(l),... ,ys+i(l)]] so 



where 


(30) 

with a = (ai,... ,as). Write 


aB = a 
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and 


( Cll(l) ••• 

C(l) = : 

V Crl{l) ■■■ 

We showed in the proof of Lemma 16.31 (where (ejj) is defined) that 





B. 


We have that 

We obtain that 
(31) 


A = 


A * 
* * 


B = 


B * 


) i^ij ) — 


C(l) * 
0 * 


AC{1) = CB. 

From yi(l)^^ • • • = 2 ^ 1 ( 1 )“^ • • • we obtain 

(ai, .. .,ar)C{l) = (61, ...,bs) 

and so 

(6i,...,6,) eQ’'C(l)nZL 

Since A and B are invertible with integral coefficients, we have from (1311) that for a,l3 £ 
a — (3 £ Q’"C n if and only if aB — [3B £ (Q^C'(l) (H Z^, from which we obtain ([29]). 

□ 


8. Monomialization 

Lemma 8.1. Suppose that the variables {x,y) are prepared of type {s,r,l) and there ex¬ 
ists t with r < t < r + I such that xi,... ,Xr,xt are independent. Then there exists 
a transformation of type 6) with rn = t — r, possibly followed by a tranformation of 
type 8) {x,y) —>■ (x(l),y(l)) such that (x(l),y(l)) are prepared of type (si,ri,/i) with 
{si,ri,l 2 ) > {s,r,l). 

Proof. Without loss of generality, we may assume that t = r + 1. Since yi,... ,ys are 
independent and yi,... ,ys,ys+i are dependent, there exists by Lemmas 15.71 and 15.41 a 
SGMT (y) —>■ (y(l)) (a transformation of type 6) with m = t — r = 1) defined by 

yi = n % for 1 < j < s and 
i=i 

S 

Vs+I = yj(l)^" (y^+i(l) + a) with a^O. 

i=i 

This gives us an expression 

S 

Xi = for 1 < i < r and 

i=i 

S 

Xr+i = ]Jyj(l)'’"(ys+i(l) +a). 

i=i 
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If Si > s we are done. Otherwise, we must have that 


rank 


/ Cll(l) 
Crl(1) 

V b. 


Cls 


(1) \ 


Cr s (1) 

bs J 


r + 1 


since xi,..., Xr+i are independent. Thus after making a change of variables in yi,..., 

(a transformation of type 8 )) with 7 = (ys+i(l) + a)) we obtain an increase ri > r (and 
(si,ri,/i) > (s,r,/)). □ 


Lemma 8.2. Suppose that (x,y) are prepared of type {s,r,l) and g € C{{xi ,... ,Xr +«}}• 
Then either there exists a sequence of transformations (x,y) —>■ (x(l),y(l)) such that 
(x(l),y(l)) are prepared of type {si,ri,li) with (si,ri,/i) > (s,r,Z) or there exists a se¬ 
quence of transformations of the types 2) - 4) ix,y) —>■ (x(l),y(l)) such that (x(l),y(l)) 
are prepared of type (si,ri,/i) with (si,ri,Zi) = (s,r, Z) and we have an expression 

g = xi{lY^ ■■■Xr{lY''U 
with u € C{{xi(l),...,Xr_|_;(l)}} a unit. 


Proof. In the course of the proof, we may assume that all transformations do not lead 
to an increase in (s,r, Z). We will establish the lemma by induction on t with g € 
C{{xi,... ,xt}} for r < f < r + Z. We will establish the lemma then with the further 
restriction that all transformations of types 3) and 4) have rn <t — r and we will obtain 
u G C{{xi(l),... ,xt(l)}}. 

We first prove the lemma for t = r, so suppose g € C{{xi,..., Xr}}. Expand 
9 = '^ aiu...,irX'i ■■■x^f with € C. 

Let I be the ideal 

I = {xf ■■■x^f I / 0). 

The ideal I is generated by ..., for some Zi(l ),... ,ir{k) with 

k G Z>o. By performing a transformation of type 2) (x,y) —>■ (x(l),y(l)) we may prin- 
cipalize the ideal I (by Lemma [5.51) . Suppose that xi(l)“i •••Xr(l)“’' is a generator of 
. Then since xi,..., x^ are independent, we have that g = xi(l)“i ■ ■ ■ x,.(l)“’'n 

where u G C{{xi(l),... ,Xr(l)}} is a unit, obtaining the conclusions of the lemma when 
t = r. 

Now suppose that Z + r>t>r, yG C{{xi,..., Xt}} and the lemma is true in 
C{{xi,..., xt-i}}. We may then assume that g G C{{xi,..., xt}} \ C{{xi,..., xt_i}}. 
Expand 

00 

g = '^CTixl with (Ji G C{{xi,... ,xt_i}}. 

i=0 

Suppose that uo,..., generate the ideal / = (uj | i G N). By induction on t, there exists 
a sequence of transformations of types 2) - 4) (x, y) —>■ (x(l), y(l)) (with m<t — r — 1 in 
transformations of types 3) and 4)) such that for 0 < i < k, either Uj = 0 or 

(Tj = Xi(I)“l • ■ ■ XrilT'^Ui 

for some a*- G N and unit Ui G C{{xi(l),... ,xt_i(l)}}. Then after a transformation of 
type 2) (which we incorporate into (x,y) —)■ (x(l), y(l))), we obtain (by Lemma [531) that 

31 




is principal and generated by xi(l)“i • • • for some i. Then we have an 

expression 

g = xiiir---XriirF 

where F € C{{xi(l),..., Xt(l)}} and h := ord F(0,..., 0, Xt(l)) < oo. If /i = 0 we have 
the conclusions of the lemma, so suppose that /i > 0. By Lemma (5.81 there exists a change 
of variables in Xi(l) (inducing a transformation of type 3) with fn = t — r) such that F 
has an expression 

(32) F = ToXt{l)^ + T2Xt{l)^~‘^ H- \-Th 

with To € C{{xi(l),..., xt(l)}} a unit and n G C{{xi(l),..., Xt_i(l)}} for 2 < i < 
h. By induction on t, we can perform a sequence of transformations of types 2) - 4) 

(x(l), y(l)) —)■ (x(2), y(2)) (with m<t — r — lin transformations of types 3) and 4)) such 
that for 2 < i < h, 

Ti = Xi(2)“i • ■■Xr{2)<Ti 

where r, € C{{a:i(2),... , Xi_i(2)}} is either zero or a unit series. We can assume by 
Lemma 18.11 that xi{2),... ,Xr{2),Xt{l) are dependent. Now perform by Lemma 16.31 a 
transformation of type 4) (x(2),y(2)) —>■ (x(3),y(3)) with m = t — r and substitute into 
(1321) to get an expression 

F = roXi(3)^i • • • Xri3)’'°{xt{3)+a)^+T2Xi{3)’'^ ■ ■ ■ Xr{3)^^{xt{3)+a)’^~‘^-\ -hr/iXi(3)^i • • • Xr{3)''^ 

with 0 7 ^ a G C. Now perform a transformation of type 2) (which we incorporate into 
(x(2),y(2)) —>■ (x(3), ?/(3))) to principalize the ideal 

I = (xi(3)^i • • •Xr(3)^^ I i = 0 or Tj / 0). 

We then have an expression 

g = xi{3f^ ■ ■ ■Xr{3f^F 

where ord F{0,... ,0,xt(3)) < h. By induction on h, we eventually reach the conclusions 
of the lemma for g G C{{xi,..., Xt}}. The lemma now follows from induction on t. □ 

Lemma 8.3. Suppose that {x,y) are prepared of type {s,r,l) and g G C{{yi,..., 

Then either there exists a sequence of transformations {x,y) (x(l),y(l)) such that 

(x(l),y(l)) are prepared of type {si,ri,li) with (si,ri,/i) > {s,r,l) or there exists a se¬ 
quence of transformations of the types 1) - 4) {x,y) —)• (x(l),y(l)) such that (x(l),y(l)) 
are prepared of type (si,ri,/i) with {si,ri,li) = {s,r,l) and we have an expression 

g = yi{iy^ ■■■ysilf^u 

with u G C{{yi(l),... ,?/s+z(l)}} a unit. 


Proof. We will perform a sequence of transformations which we may assume do not lead 
to an increase in (s, r, 1). 

Let g have the expression ([2^ . Let J be the ideal in defined by 

«/ = (Vi I [A] GZ7(Q’'C)nz*). 

J is generated by ■ ■ ■) ^[At] some [Ai],..., [A^]. After performing a transformation 
of type 2) (x,y) —>■ (x(l),y(l)) we obtain expressions 


^[A4 := 




Vi 


K 

■Vs 


■xf- G C{{xi(l)d,. ..,x, 




X. 


r+l 


( 1 ), 




(!)}}• 


32 



for 1 < i < f of the form of (I27h by Proposition 17.31 We may choose the w\,... G N 
so that 


'T* . 'T’ ^ 

U/ ^ •Xjf 

Vi ■■■ys” 




Let w be a complex primitive d-th root of unity, and for 1 < j < t, let 


d 

^l^j] = n ■ ■ ■,Xr+l{l)) G C{{xi(l),. . . ,Xr+/(l)}}. 


Let 

t 

f= n^[Ai]- 

i=l 

By Lemma [821 there exists a sequence of transformations of types 2 ) - 4) (x(l),y(l)) —>■ 
(x(2),y(2)) such that / = xi(2)™'i • • • Xr(2)”^’'M where u G C{{xi(2),... , Xr+i(2)}} is a 
unit series. Thus each e[Ai] has such a form, so 


e[Ai] = xi{2)'^i ■ ■ ■ Xr{2)'^'-Ui 

for 1 < i < t where Ui G C{{xi(2),... ,Xr+i{2)}} is a unit. 

Let K be the quotient field of 72 = C{{yi(2),..., ?/s+/(2)}}. We have 


for 1 < i < t. We also have 

X[ki] e C{{xi(2)T ... ,x,.(2)Txr+i(2),... ,x^+/(2)}}. 


as we have only performed transformations of types 2 ) - 4). So X[ki] is integral over 
C{{xi(2),... ,a:r+K2)}} and thus X[Ki] is integral over R. Since 72 is a regular local ring 
it is normal so X[ki] ^ R- Thus divides ejA^] in 72 and so there are expressions 


Vi] =2/1(2)'"'^ ■■■ys{2Y‘Vi 

for 1 < z < t where Vi G C{{yi(2),... , ys^i{2)}} are unit series and thus 


V 4 = yi( 2 ri---ys( 2 )<n, 

for 1 < z < t where Hi G C{{?/i(2),..., ys_|_;(2)}} are unit series. Now perform a transfor¬ 
mation of type 1 ) to principalize the ideal JC>y“ 2 ) = (yi( 2 )”^i • • • 2 / 5 ( 2 )™= | 1 < z < t). 

Then we have the desired conclusion for g by ()29p in Lemma 17.51 □ 


Lemma 8.4. Suppose that {x,y) are prepared of type {s,r,l) and g G C{{yi,... ,ys+i}}- 
Then either there exists a sequence of transformations {x,y) —>■ (x(l),y(l)) such that 
(x(l),z/(l)) are prepared of type (si,ri,2i) with (si,ri,/i) > {s,r,l) or there exists a se¬ 
quence of transformations of the types 1) - 4) o^^xd 8) {x,y) —>■ (x(l),z/(l)) such that 
(x(l),z/(l)) are prepared of type (si,ri,/i) with (si,ri,Zi) = {s,r,l) and either g is alge¬ 
braic over xi(l ),... ,Xr +«(!) or 

(7 = P + z/i(Vi---z/5(V^ 

mt/i P G C{{z/i(l),... ,z/s+/(l)}} algebraic over xi{l),... ,Xr+i{l) and z/i(l)'^i • • •//^(l)'^'’ 
not algebraic over xi(l),... , Xr{l). 
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Proof. We will perform a sequence of transformations which we may assume do not 
lead to an increase in (s,r,/). Let g have the expression ([2^ and let g' = g — € 

C{{yi,... ,ys+i}}- By Lemma (831 there exists a sequence of transformations of type 1) - 
4) ix,y) (x(l),y(l)) so that g' = yi{lf^ • • • with u € C{{yi(l),... , ys+i(l)}} 

a unit. By Proposition 17.31 after possibly performing another transformation of type 
2), we also obtain that /i[o] € C{{xi(l)^,..., Xr(l) ^, a:r+i(l),..., a;r+z(l)}}. Since/i[o] € 
C{{yi(l),..., ys+;(l)}}, by Lemma [73l we have that is algebraic over xi(l),... , +K1) 

We also have by Lemma 17.51 that 


/ Cll(l) ••• Cls(l) \ 


rank 


V 


Crl (1) 
di 


Cr s (1) 

ds / 


r + 1. 


Thus there exist ei,..., e<j € Q such that 


eiCii(l) H-h esCis{l) = 0 for 1 < i < r 


and 


eidi + ■ ■ ■ + Osds — “1, 


and so, making a change of variables, replacing yi{l) with for 1 < i < s, we have 

a transformation of type 8) which gives the conclusions of the lemma. 

□ 


Proposition 8.5. Suppose that {x,y) are prepared of type {s,r,l). Then either there exists 
a sequence of transformations {x,y) —>■ (x(l),y(l)) such that (x(l),y(l)) are prepared of 
type (si,ri,/i) with {si,ri,li) > {s,r,l) or the induced homomorphism 

a : C[[xi, . . . , Xr+hXr+l+l]] C[[?/i, ..., yn]] 

is an injection. 


Proof. Set z = a{xr+i+i) and suppose that there exists a nonzero series G € C[[xi,..., 
such that a{G) = 0. Expand G as 

CXD 

G = ^ ^ aj(xi,..., Xj.^i)x.^^i_^_i 

i=0 

with ai{xi,... ,Xr+i) G C[[xi,... for all i. We have a{ai) G C[[yi,...,?/«+/]] for all 

i and 


(33) 0 = a{G) = ^ a{ai)z^ = 0 

i 

in C[[yi,.. .,yn\]- 

Let A = C[[yi,..., ys+i]] and ^[[t]] be a power series ring in one variable. Let 

f{t) = '^a{ai)f € A[[f\]. 


f{t) is nonzero since a(aj) is nonzero whenever a* is nonzero. 

Suppose that 2 ^ C[[yi,..., ys+i]]- We will derive a contradiction. Expand 


2 = 




. *s + i + l . . . 

*s+i+l,...,*nys+Z+l Un 


in C[[yi,... ,yn]] with G C[[yi,... ,ys+i]]- Since z is in the maximal ideal of 

C[[yi,... ,yn]], we have that 6o,...,o is in the maximal ideal of C[[7/i,... ,?/<j+/]]. Thus the 
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map g{t) i-)- g{t + 6 o,...,o) is an isomorphism of ^[[t]]. Let f{t) = f{t + 6 o,...,o)- We have 
that f{t) 0. Let 'z = z — 6 o,...,o- We have that f{z) = 0. Let {jg+i+i, ■ ■ ■ ,jn) be the 
minimum in the lex order of 


{(*s+;+i) • • •) *n) I 7 ^ 0 and , in) 7 ^ (0,..., 0)}. 

Then f{z) has a nonzero X{js+i+i, ■ ■ ■, jn) term, where A is the smallest positive expo¬ 
nent of t such that f{t) has a nonzero term. This contradiction shows that z G 
C[[yi,... ,ys+«]]- Thus 

z G C[[yi,.. .,ys+i]] nC{{yi,.. .,?/„}} = C{{yi,... ,?/^+z}}. 

Suppose that 2 ; is not algebraic over xi,... ,Xr+i (Dehnition 17.ip . Let 


[A]g(zV(Q’"C')nZ'*) 

be the decomposition of ([25]). Then 2 ; ^ since we are assuming that 2 is not algebraic 
over xi,..., Xr+i- Since 2 is in the maximal ideal of C[[ 7 /i,..., Un]] we have that /i[o] is in 
the maximal ideal of C[[yi,..., ?/s+/]]. Thus the map g{t) i- 7 > g{t + h[o]) is an isomorphism 
of Let f{t) = /(t + /i[o]). We have that f{t) ^ 0. Further, all coefficients of f{t) are 

algebraic over xi,..., Xr+i- 

Let 2 = 2 — /i[o] G C{{yi,..., 2 /^+;}}. We have that f{z) = 0. By Lemma 18.31 there 
either exists a sequence of transformations {x,y) —> (x(l),y(l)) such that (x(l),y(l)) 
are prepared of type (si,ri,Zi) with (si,ri,/i) > (s,r, Z) or there exists a sequence of 
transformations {x,y) —>■ (x(l),y(l)) of types 1) - 4) such that we have an expression 

^ ■ ■ ■ys{'^)‘^‘’u 


where u G C{{yi(l),... , 2 /s+i(l)}} is a unit. We have that 


/ Cll(l) ••• Cls(l) \ 


rank 


V 


Crl(1) 
di 


Cr s (1) 

ds 


r + 1 


by Lemma [7.51 We now perform a transformation of type 8 ), replacing yi{l) with ?/j(l)n'^' 
for some A* G Q for 1 < i < s to obtain that 2 = yi{l)^^ We have that 

f{t) G ^i[[t]] where Ai = C{{ 7 /i(l),... ,?/s+i(l)}} and all coefficients e* of 


fit) = z 

are algebraic over xi(l),... ,x^+;(l) by Lemma 15.21 From the expansion 


i=0 


we see that this is the expansion of type (1251) of f{z) = 0 , so that ei(yi(l)‘^i • • • = 0 

for all i, which implies that e* = 0 for all i so that f{t) = 0 , giving a contradiction, 
so 2 is algebraic over xi,... ,Xr+i- By Lemma 17.41 identifying 2 with Xr+i+i by the 
inclusion C{{xi,..., x^}} C C{{yi,..., yn}}, we have that Xr+i+i G C{{xi,..., Xr+i}}, a 
contradiction. Thus a is injective. □ 
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Lemma 8 . 6 . Suppose that (x, y) are prepared of type {s, r, 1) and g € C{{yi,..., yt}} with 
s +1 < t < n. Then either there exists a sequence of transformations {x,y) (x(l),y(l)) 

such that {x{l),y{l)) are prepared of type {si,ri,If) with (si,ri,Zi) > {s,r,l) or there exists 
a sequence of transformations of the types 1) - 6) {x,y) —>■ (x(l),y(l)) (with I <m <t — s 
in transformations of type 5) - 6)) such that (x(l),y(l)) are prepared of type {si,ri,li) 
with {si,ri,li) = {s,r,l) and 

9 = • ■■Vsi'^y^u 

with u G C{{?/i(l),..., yt{l)}} a unit. 

Proof. We will perform a sequence of transformations which we may assume do not lead 
to an increase in {s,r,l). The proof is by induction on t with s + I < t < n, with 
g G C{{xi,... ,xt}}. The case t = s + I is proven in Lemma [531 Thus we may assume 
that t > s + 1. Write 

9 = Y1 

where ai G C{{ 7 /i,..., yt-i}}. Let I = {(Ji \ i > 0). There exist uo, • • •, which generate 
I. by induction, there exist a sequence of transformations of the types 1) - 6 ) (x, y) —>■ 
(x(l), y(l)) (with I <m<t—\ — s whenever a transformation of type 5) or 6 ) is performed) 
such that 

for 0 < j < A: where Uj G C{{yi(l),... , yt_i(l)}} is a unit or zero. Now perform a trans¬ 
formation of type 1) (which we incorporate into (x,y) —> (x(l), ?/(l))) to make I principal. 
Then we have an expression g = yi(l)”^^ • • • 2/8(1)™"*^ where h = ord( 5 ( 0 ,..., 0, 2 /i(l)) < oo. 

If /i = 0 we are done. We will now proceed by induction on h. By Lemma 15.81 we can 
perform a transformation of type 5), replacing 2 /t(l) with yi(l) — $ for an appropriate 
G C{{ 2 /i(l),... , 2 /t-i(l)}}, to obtain an expression 

(34) g = Toytil)^ + Tiyt{l)'"~‘^-\ -h r/* 

with To G C{{ 2 /i(l),... , 2 /t(l)}} a unit series and n G C{{ 2 /i(l),... , 2 /t_i(l)}} for 1 < i < 
h. By induction on t, we may construct a sequence of transformations of type 1) - 6 ) 
(x(l), y(l)) —>■ (x(2), 2 /( 2 )) (with m < t — 1 — s whenever a transformation of type 5) or 6 ) 
is performed) such that for 2 < i < h, whenever Tj is nonzero, it has an expression 

Ti = 2/i(2)-^i . ..y^{2ysji. 

where Ui G C{{ 2 /i( 2 ),..., yt-i{2)}} is a unit series. Since yt{2) is dependent on 2/1 (2),..., 2 /s(2), 
there exists a transformation of type 6 ) (x( 2 ), 2 /( 2 )) —>■ (x( 3 ), 2 /( 3 )) with rh = t, which we 
perform. Substituting into ([M]) . we obtain 

9 = royiisf • • • 2/s(3)'°(2/t(3)+a)"+2/i(3)'i • • • y,(3)''«n2(2/i(3)+a)'^-'+- • -Pyiisf ■ • • 2/s(3)'?u, 

(with 0 7 ^ a G C). Now perform a transformation of type 1) (which we incorporate into 
(x( 2 ), 2 /( 2 )) —>■ (x(3), 2 /( 3 ))) to principalize the ideal 

J = (yysf ■ ■ ■ yy3f,yy3f ■ ■ ■ 2/s(3)''u2, • • ■, Viisf ■ ■ ■ 2/s(3)'"n,), 

giving us that g = 2/1 (3)'^^ • • • 2/s(3)'^'’5 with ord( 5 ( 0 ,..., yt{3))) < h. By induction on h, 
we obtain the conclusions of the lemma. 

□ 
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Lemma 8.7. Suppose that {x,y) are prepared of type {s,r,l) and 

g G C{{yi,..., yt}} \ C{{yi,..., ys+i}} 

with s + I < t < n. Then either there exists a sequence of transformations {x,y) —>■ 
(x(l),y(l)) such that (a:(l), ?/(l)) are prepared of type (si,ri,/i) with {si,ri,li) > {s,r,l) 
or there exists a sequence of transformations of the types 1) - 7) {x,y) —>■ (a:(l),y(l)) (with 
m < t — s in transformations of types 5) - 7)) such that (x(l),y(l)) are prepared of type 
{si,ri,li) with (si,ri,/i) = {s,r,l) and 

9 = ^ + ■■■ys{'^Y‘yt 

with P G C{{yi(l),... ,ys+i{l)}}. 

Proof. We will perform a sequence of transformations which we may assume do not lead to 
an increase in (s, r, 1). Write g = X]i>o with ai G C{{yi,..., yt}}- Let I be the ideal 
I = (cjj I i > 0). Suppose that I is generated by ui,..., cifc- By Lemma [8T6l there exist a 
sequence of transformations of types 1) - 6) {x,y) —>■ (x(l),y(l)) (with m<t — s — lifa 
tranformation of type 5) or 6) is performed) such that for 1 < j < k, 

with Uj G C{{?/i(l),..., 7/t_i(l)}} a unit (or zero). By induction on t in Lemma [8.71 
there exists a sequence of transformations of types 1) - 7) (x(l),?/(l)) (x(2),y(2)) (with 

m<t — s — lifa transformation of type 5), 6) or 7) is performed) such that 

(35) CTO = Po + 2 /i(2)“i ... y^(2)“^y,_i(2) 
or 

(36) do = Po 

with Pq G C{{yi(2),... ,ys+;(2)}}. Case ([35]) can only occur if t > s + / + 1. 

Let J be the ideal eY( 2 ) ''' 2/^(2)“'’) if (l3^ holds and J = eY( 2 ) 

(1361) holds. J is generated by monomials in yi(2),... , ysi‘^)- There exists a transformation 
of type 1) {x{2),y{2)) —T (x(3),?/(3)) such that is principal by Lemma [T5l so 

9 = Po + Y1 ^*2/t(2)' + yi{2r • • • ys{2ryt-i{2)u = Po + yi(3)''i • • • ys{3)^^g 

i>0 

where u is zero or 1, Po G C{{?/i(3),..., ?/s+z(3)}} and g G C{{?/i(3),..., yt(3)}} is 
not divisible by yi(3),..., ^*(3). If ord ^(0,... , 0, ?/t_i(3), 0) = 1 we set yt(3) = g and 
yt_i(3) = yt{3) (a composition of transformations of type 7) and 5)) to get the conclusions 
of Lemma 18.71 Otherwise, we have 

0 < ord g{0 ,... , 0, yt{3)) < oo. 

Now suppose that 

(37) ff = P + yi(3)'^i---2/,(3)'^“P 

where P G C{{7/i(3),..., ?/<j+z(3)}}, P G C{{yi(3),..., 2/t(3)}} is such that the power series 
expansion of yi(3)‘^i • • • ?/s(3)'^“P has no monomials in yi(3), • • • , ys+i{3); that is, 

T(yi(3),... ,ys+K3),0,... ,0) = 0, 

yi{3) J/P for 1 < i < s and 

0 < h := ord P(0,... , 0, yt{3)) < oo. 
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If /i = 1, we can set yt{3) = F {a transformation of type 5)) to get the conclusions of 
Lemma 18.71 for g. 

Suppose that h > 1. By Lemma ISTSl we can make a change of variables, replacing yt(3) 
with yt(3) — for an appropriate G C{{yi(3),... ,yt_i(3)}} (a transformation of type 
5)) to get an expression 

(38) F = Toyt{3)^ + T2yt{^)^ ^ + ■ ■ ■ + "Th 

where tq € C{{?/i(3),... , 2 /t( 3 )}} is a unit and Tj G C{{yi(3),... ,yt_i(3)}} for 2 < z < h. 
By Lemma ESI there exists a sequence of transformations of types 1) - 6 ) (x(3),y(3)) —>■ 
(x(4), y(4)) (with rn < t — s for transformations of types 5) - 6 )) such that for 2 < i < h — 1, 

Ti = yi(4)-?i • --ysiAyiui 

with Ui G C{{z/i(4),... ,yt_i(4)}} either a unit or zero. By induction on t in Lemma E3 
there exists a sequence of transformations of types 1) - 7) (x(4),?/(4)) (x(5),y(5)) (with 

m < t — s for transformations of types 5) - 7)) such that we further have that 

(39) Th = Po + yii^f^ ■ ■ ■ ys{J>T"yt-iu 

where u is zero or 1 and Pq G C{{yi(5),..., ?/<j+;( 5)}}. Since yt(5) is dependent on 
yi(5),... ,ys(5), there exists a transformation of type 6 ) (x(5),y(5)) —>■ (x( 6 ),z/( 6 )) with 
fn = t — s. Perform it and substitute into (l38]i to get 

F = royi( 6 )^i • • • ys( 6 )^°(yt( 6 ) + a)^ + yi( 6 )^i • • • ys( 6 )^% 2 ( 2 /z( 6 ) + q;)^“^ H- 

+yi( 6 )'^i • • • ys{Qy‘yt-i{Q)u + Po 

Now perform a transformation of type 1) (x( 6 ),z/( 6 )) —>■ (x(7),y(7)) to principalize the 
ideal 

K = ( 2 / 1 ( 6 )'? ■ ■ • 2 /s( 6 )'?) + ( 2 / 1 ( 6 )'? ■ ■ ■ 2 /.( 6 )'? \u,^0) + (uyyif^ • • • 2 /.(l)"=). 

We obtain an expression 

g = Pi + 2/i(7)^i---2/.(7)^“;F 

where 

Pi = P + 2/1 (3)'"! • • • 2 /.( 3 )''=P( 2 /i( 7 ), ..., 2 /.+/( 7 ), 0,... , 0) G C{{ 2 /i( 7 ),..., 2 /.+/( 7 )}} 
and 

2 /i( 7 )^i ... y^^rysp ^ y^( 3 )di ... _ F{yi{7), 2 /.( 7 ), 0,... , 0)) 

is such that yi{7) / P for 1 < z < s. We either have ord P(0,... , 0, 2 /z-i( 7 ), 0) = 1 or 
1 < ord P(0,..., 0, 2 /z( 7 )) < h. In the hrst case, set yt{7) = P and yt-i{7) = yt{7) (a 
composition of transformations of type 7) and 5)) to get the conclusions of Lemma 18.71 
Otherwise we have a reduction in h in (I37p . By induction in h we will eventually get the 
conclusions of Lemma 18.71 □ 

Proposition 8 . 8 . Suppose that {x, y) are prepared of type (s, r, 1) with r + I < m. Then 
either there exists a sequence of transformations {x,y) —>■ (x(l), 2 /(l)) such that (x(l), 2 /(l)) 
are prepared of type {si,ri,li) with (si,ri,/i) > {s,r,l) or there exists a sequence of 
transformations of types 1) - 8) {x,y) (x(l), 2 /(l)) such that (x(l), 2 /(l)) are prepared of 

type (si,ri,/i) with (si,ri,Zi) = {s,r,l) and we have an expression 

(40) Xr+i+i{l) = P + yi{iy^---ys{iy^ 
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with P e C{{yi{l),... ,ys+iil)}} algebraic over xi{l),... ,Xr+i{'^) and yi{l)‘^^ ■ ■ ■ ysil^^ 
not algebraic over xi(l),... ,x,.(l) or we have an expression 

(41) a:^+i+i(l) = P + yi{lY^ ■ ■ ■ ys{lY’’ys+i+i{'^) 
with P € C{{yi(l),... ,ys+i(l)}} algebraic over xi(l ),... ,Xr 

Proof. We will construct a sequence of transformations such that either we obtain an 
increase in (s,r,/), or we obtain the conclusions of Proposition 18.81 We may thus assume 
that all transformations in the course of our proof do not give an increase in (s, r, 1). 

We have that x^+z+i is not algebraic over xi,..., Xr+i by Lemma YTM 
First suppose that Xr+i+i G C{{yi,... ,ys+z}}- Then there exists a sequence of trans¬ 
formations of types 1) - 4) and 8 ) such that the conclusions of Lemma 18.41 hold, giving 
an expression (HQI) of the conclusions of Proposition 18.81 since Xr+i+i is not algebraic over 
xi(l),..., Xr+i{l) by Lemma 1731 

Now suppose that Xr+i+i 0 C{{yi,..., j/s+z}}. Then by Lemma (8.71 there exists a 
sequence of transformations of types 1) - 7) {x,y) (x(l),y(l)) such that we have an 

expression 

(42) x^+z+i(l) = P + ?/i(l)“^ • • • ys(l)“"ys-hi-Hi(l) 

with P G C{{yi(l),... ,ys+Kl)}}- Then by Lemma [831 there exists a sequence of trans¬ 
formations 1) - 4) and 8 ) (x(l),z/(l)) (x(2),y(2)) such that we have an expression (I42|) 

with 

P = P' + yi{2)’’^ ■■■ys{2)’’‘u 

where P' is algebraic over xi(2),...,x,.+z(2) and yi{2)^^ ■■■ys{2)^‘‘ is not algebraic over 
xi(2),... ,Xr{2) and u is 0 or 1. If It = 0 we have achieved the conclusions of (141 11 of 
Proposition 18.81 so assume that It = 1. Now (by Lemma l5.5p perform a transformation of 
type 1) (x(2),y(2)) —>■ (x(3),y(3)) to principalize the ideal 

L={yi{2)^^---ys{2)^%yi{ir---ys{lD- 

If yi(2)^i ■■■ys{2)^‘’ divides yi{l)°‘^ ■■■ys{l)°“ (in ^^( 3 )ex( 3 )^’ condi¬ 

tion that 2/1 (2)^1 ■ • • 2 / 5 ( 2 )^“ is not algebraic over xi(3),... , Xs(3) from Lemma 1731 we can 
change variables, multiplying the yi by units for 1 < i < s to get an expression (HOl) 
of the conclusions of Proposition 18.81 (a transformation of type 8 )). If 2 / 1 ( 2 )^^ • • • 2 /s(2)^'* 
does not divide 2 /i(l)“^ ■ ■ ■ ?/s(l)“'’ in C>x( 3 ) ex^z) 2 /i(l)“^ ''' properly divides 

2/1 ( 2)^1 • • • 2 / 5 ( 2 )^“ in (P 3 ?( 3 ) ex(z)^ have an expression 

x,+z+i(3) = P + 2 /i(3)“i---2/s(3)““F 

with F G C{{2/i( 3), ... ,2/s(3),2/s-h/+i(3)}} such that ord F(0,... , 0,2/s+z+i(3)) = 1. Re¬ 
placing 2 /s+z+i( 3) with F (a transformation of type 5)) we get an expression of the form 
([41]) of the conclusions of Proposition 18.81 

□ 

Proposition 8.9. Suppose that {x,y) are prepared of type {s,r,l) with r + l < m. Then 
there exists a sequence of transformations of types 1) - 10) {x,y) —)■ (x(l),2/(l)) such that 
(x(1),2/(1)) are prepared of type (si,ri,/i) with (si,ri,/i) > {s,r,l) 

Proof. We may assume that all transformations of type 1) - 10) in the course of our proof 
do not give an increase in (s,r,/); otherwise we have obtained the conclusions of the 
theorem and we can terminate our algorithms. By Proposition 18.81 there exists a sequence 
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of transformations of types 1) - 8) (x,y) ^ (x(0),?/(0)) such that we have an expression 
(for i = 0) 

(43) Xr+i+iiP) = P + ■ ■ ■ Vsiif" 

with P algebraic over xi(i),... , Xr+i{i) and yi{iY^ ■ ■ ■ ysi’iY” not algebraic over xi(i),... , Xr{i) 
or we have an expression 

(44) Xr+i+i{i) = P + yi{iY^ ■ ■ ■ ysiiY^ys+i+iii) 
with P algebraic over xi(i),..., Xr+i{i)- 

We will perform sequences of transformations (x,y) —>■ {x{i),y{i)) in the course of this 
proof which preserve the respective expressions ()43l) or ()44p . 

We will now construct a function g (in equation (j46p ) using transformations which 
preserve the respective form (I43p or ()44p . The function g (or its strict transform) will play 
a major role in the proof. 

The decomposition (f25P of P is P = since P is algebraic over xi(l),... ,Xr+i{l)- 
There exists a transformation of type 2) (x(0),y(0)) —>■ (x(l),y(l)) such that 

P G C{{xi(l)3,... ,a:,,(l)3,Xr+i(l),... ,x^+/(l)}} 

for some d by Proposition 17.31 Let w be a primitive d-th root of unity in C. Let 

= P(a;*ixi(l)d,... ,a;*"Xr(l)rf,Xr+i(l),... ,Xr+iil)) 

for 1 < ii,... ,ir < d. We have that 

G C{{?/i(l)T ... ,7 /s(1)3,?/^+i( 1), ... ,7/s+z(l)}} 

for all zi,..., z,. since 

S 

Xj(l)rf = JJ(?/j(l)^)‘^‘-’^^^ for 1 < z < r. 
i=i 

Since P G C{{?/i(l),..., z/s+z(l)}}, we have that Pq,...,*, G C{{yi(l),..., z/s+z(l)} for all 
zi,..., P. Further, is algebraic over xi(l),... , Xr+z(l) for all zi,..., v since P is. 

Let 

d 

R= n G C{{xi(l),... ,Xr+i(l)}}. 

,...,27'=1 

By Lemma [121 there exists a sequence of transformations of types 2) - 4) (x(l),z/(l)) —>■ 
(x(2),y(2)) such that 

R = xi{2r^ ■■■Xr{2r^u 

where u G C{{xi(2),... , Xr+i{2)}} is a unit. Now P divides R in C{{yi(2),..., yr+i{2)}}, 
so we have that 

(45) P = yi{2r^---y,i2r‘u 

where u G C{{z/i(2),..., ?/5_|_/(2)}} is a unit and by Lemma 1731 and since P is algebraic 
over xi(2),... , Xr+i{2), we have that yi(2)™'i • • • z/s(2)™"’ is algebraic over xi(2),... , x,.(2). 

Set 

d 

(46) g= {xr+i+i{2) - G C{{xi(2),..., Xr+z+i(2)}}. 

2l ,...,2 t = 1 
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t = ord 5 ( 0 ,... ,0,Xr+z+i(2)). 


Let 

(47) 

We have that 0 < t < (T. 

The proof now proceedes by induction on t. We will make a series of transformations 
which will either give an increase in (s, r, 1) (establishing the proposition) or preserve the 
respective form (j43|] or (j44|] with a reduction in t (which will remain positive) in the strict 
transform of g. We first perform transformations which preserve the respective forms 
(|43ll or (|4411 and preserve t = ord g'(0,..., 0, Xr+i+i(i)) which put g into the good form of 
equation ()4U1) (in case (33])) or in the good form of equation (I3UD (in case (1441) 1. 

Set 

— P ~ 

which are algebraic over xi{2),... ,Xr+i{2). By the argument leading to (331) . we can 
construct a sequence of transformations of types 2) - 4) (x(2),y(2)) —>■ (x(3),y(3)) which 
preserve the expressions (1451) . (|46l) . t in equation (371) and the expression (|43]) or (1441) (in 
the variables x{3) and y{3)) such that for all / = (ii,..., ir), 

(48) Qi = ■ ■ ■ys{3)'^'ui 

where uj G C{{yi(3),..., ?/s+/(3)}} are units and yi(3)”i • • • ?/s(3)”“ are algebraic over 
xi(3),..., Xr(3). After a transformation of type 1) (x(3),y(3)) —>■ (x(4),y(4)), we can 
principalize the ideals (yi(3)”i • • • ?/s(3)”“, ?/i(0)'^i • • • ?/s(0)'^'’) for all I (by Lemma 133|) . 
giving us the possibilities 

Xr+i+iii) - = ?/i(3)’^i • • • ys(3)’^"?I/ 

where uj G C{{?/i(4),..., ys+;(4)}} is a unit and yi(3)"'i ••• 2/^(3)”® is algebraic over 
xi(4),... ,Xr(4) or 

Xr+i+i{4:) - = 2/1 (O)"*! • • • ys{0)‘^‘ui 

where ui G C{{yi(4),... ,2/s+;(4)}} is a unit and 2/1 (O)*^! • • • 2/s(0)'^'* is not algebraic over 
xi(4),..., Xr(4) if (33|) holds and giving us the possibilities 

Xr+i+i{4) - = yi{3r' • • • 2/.(3)"^G^ 

where G C{{2/i(4),... , 2/s+i+i(4)}} is a unit and 2/i(3)”'i ■ ■ ■ 2/s(3)”'® ig algebraic over 
xi(4),... ,Xr(4) or 

Xr+i+M) - = yi{4)< • • • ys{4r'G^ 

where G^ G C{{2/i(4),... , 2/s+i+i(4)}} satishes ord G^(0,... , 0,2/r+i+i(4)) = 1 if (31D 
holds. We have that 

x^+;+i(4) - P = 2/1 (O)"*! • • •2/^(0)'^'’ 

in case (33]) and 

Xr+i+ii4) - P = 2 / 1 ( 0 )'^^ • • • 2/s(0)'^“2/s+/+i( 4) 
in case (144]) . We thus have 

(49) g = yi{4r^---ys{4r^u 

where u G C{{2/i(4),... , 2/s+i(4)}} is a unit and 2/1 (4)”*^ • • • 2/s(4)”*« is not algebraic over 
xi (4),..., Xr (4) in case (33]) and 

(50) 27 = 2 / 1 ( 4 )”^^ •••2/.(4)”^*2/s+;+i(4) H 
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where for all I, G C{{yi(4),... ,ys+z+i(4)}} satisfies ord G^{0,... ,0,ys+i+i{4:)) = 1 or 
0 in case (|44]l . 

We now consider a special case, when g has an expression of the form (I5ip below, and 
show that after a few transformations we obtain the conclusions of the proposition. 
Suppose that there exists G C{{xi(4),... ,Xr+z(4)}} such that 

(51) g = u{xr+i+i{4:) - 

where A G Z>o and u G C{{xi(4),... ,Xr+z+i(4)}} is a unit series. Setting P' = P — 4>, 
we have an expression 

Xr+l+l{^) — ^ = P' + Q 

where Q := Xr+z+i(4) — P has the expression 

Q ^ I • • • ys{^Y‘ of (@3]) or 

1 yi(0)'^i • • • ys{^Y‘ys+i+i{^) of (HID 

and P' is algebraic over a:i(4),..., Xr+z(4). By Lemma [8.31 there exists a sequence of 
transformations of types 1) - 4) (x(4),y(4)) —>■ (x(5), y(5)) such that 

P' = 2/i(5)“i---y,(5)“w' 

where u' G C{{?/i(5),... , ys+z(5)}} is a unit series. We have that yi(5)“i ••• 7/8(5)“® is 
algebraic over xi(5),... ,Xr(5) by Lemma 17.51 By Lemma 15.51 after a transformation of 
type 1), (x(5),7/(5)) —>■ (x(6), 7/(6)), we have that in the case when (HHI) holds, 

(52) x,.+z+i(6) - 4> = yi(6Y^ ■ ■ ■ ys(6Y‘^u 

with u G C{{7/i(6), ..., 7/s+z+i( 6)}} a unit and in the case when (Hil) holds, we have 

(53) 


x^+z+i(6) - = < 

' 2/i(6)”i- 

-- 7/8 (6)”® 77 

with u G C{{7/i( 6), ... 
and yi(6)”i - - - 7 / 8 ( 6 )”® 
xi(6),... ,Xr.+z(6), or 

,7/8+z+i( 6)}} a unit 
algebraic over 


7/i(6)”1 - 

--7/8(6)"®P 

with F G C{{7/i( 6), .. 
such that ord P(0,... 

. ,7/8+Z+i(6)}} 

,0,7/8+z+i(6)) = 1. 


If Case (H3]l holds, we have from comparison of the equations ([52]) . ()49]l and (fSTT) that 
yi(4)-i ■■-7/8(4)™® = (7/i(6)“i---7/8(6)“®)" 


where 7/i(4)™i - - - 7/8(4)™® is not algebraic over xi(6),..., Xr+i( 6 ). Thus 7/i(6)"i - - - 7 /s( 6 )"'® 
is also not algebraic over xi(6),..., Xr+z(6). Making a change of variables replacing 
Xr+i+i( 6 ) with Xr+z+i(6) — and 7/1(6),..., ys( 6 ) with their products by appropriate units 
in C{{7 /i(6), ... ,7/8+z( 6)}} (transformations of types 10 ) and 8)), we get 

Xr+l+l( 6 ) = 7/1 (b)*^! - - - 7/8(6)”® 

with 7 /i( 6 )”i - - - 7/8(6)”® not algebraic over xi( 6 ),..., Xr( 6 ) obtaining an increase in r (and 
(s,r,l)), and so we have achieved the conclusions of Proposition [531 
If case (| 44 |) holds, then (| 50 j) , (| 53 j) and m hold, so we have that 

x,+z+i( 6 )- 4 > = 7 /i( 6 )”i---y 8 ( 6 )”®P 

where F G C{{7/i(6),..., 7/8+z+i(6)}} satishes ord P( 0 ,..., 0 ,7/8+z+i(6)) = I. Then mak¬ 
ing changes of variables, replacing 7/„_|_z+i(6) with F and Xr+i+i(6) with Xr+z+i(6) — $ 
(transformations of types 5 ) and 10 )), we have 

x^+z+i(6) = 7 /i( 6 )”i - - - y 8 ( 6 )”® 7 / 8 +z+i( 6 ). 
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If yi( 6 ),... , ys{G),ys+i+i{Q) are independent, we have an increase in s (and (s, r, 1)). Oth¬ 
erwise, we perform a SGMT in yi( 6 ),..., 2 /^( 6 ), ys+/_|_i( 6 ) giving a transformation of type 
6 ) (x( 6 ),y( 6 )) ^ (x(7),y(7)) such that 

Xr+i+i{7) = yi(7)^i ■ ■ ■ys{7)’’‘’{ys+i+i{7) + a) 

for some 0 / a € C. If yi{7)^^ ■ ■ ■ ys{7)^" is not algebraic over a:i(7),..., Xr+i{7), then we 
can make a change of variables in yi(7),... , ys{7), (a transformation of type 8 ) {x{7),y{7)) —>■ 
(x( 8 ), y( 8 ))), giving an expression 

Xr+z+i(8) = yi(8)^i • • •2/^(8)^", 

thus giving an increase in r (and (s, r, 1)). If yi(7)^i • • • ys{7)^‘’ is algebraic over xi(7 ),... ,Xr +i(7}, 
then i'e(xr+i+i(7}) is rationally dependent on iye(xi(7 )),... , iye(xr+i(7)}, and so 

Xi(7), . . . , Xr+l(7),Xr+l+l(7) 

are dependent by Lemma ICT Thus by Lemma ISTTl there exists a SGMT (x(7)) {x{8)) 

defined by 

r 

Xi{7) = for 1 < i < r and 

i=i 


Xr+l+li7') 


nii(8r 


•r+l,j 


(8) 


0=1 


{Xr+l+l{8) + /?) 


with 0 / /? € C. 

By Lemma[631 we can extend the SGMT (x(7)) ^ (a^(8)) to a transformation {x{7),y{7)) —)■ 
(x(8),y(8)) of type 9) (where (y(7)) —(y(8)) is a SGMT in yi(7),... ,ys{7)). We have 


nx,(8r+i-®j (x,+,+i(8) + /3)= (y,+z+i(8)+«), 

with a, /3 ^ 0. Then 

r s 

ji8)ueixji8)) = J2bj{8)Myj{^))- 
i=i i=i 

The values UeiyiiS )),... , Ve{ys{8)) are rationally independent by Lemma ITTl so 


(q.j--|-1,15 • • • ) 


Cll(8) 

Crl(8) 


CIS(8) \ 
Crs(8) j 


(6i(8),...,6s(8)). 


Thus 

r s 

i=i i=i 

and a = 13, so Xr+i+i{8) = yr+z-i-i(8), giving an increase in r -|- / (and (s, r, 1)). 

In all cases, we have reached the conclusions of Proposition 18.91 (under the assumption 
that ([^ holds). 

Now suppose that an expression (f5T]i does not hold. Then t > 1 in (|47)i (by the implicit 
function theorem). Now we will use a Tschirnhaus transformation to put g into a good 
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form, and perform a sequence of transformations that preserve the respective forms (j43h 
or (1141) and lead to a decrease 

0 < ord g(0,..., 0, Xr+i+i{i)) < t 

where g is the strict transform of g. The conclusions of the proposition will then follow 
by induction on t. 

By Lemma lS^ we can make a change of variables, replacing Xr+z+i(4) with Xr+z+i(4)— 
for some 4) E C{{xi(4),... ,Xr.+z(4)}} (a transformation of type 10)) to get an expression 

(54) g = ToXr+i+i{4:Y + r2X^+z+i(4)*“2 H-hr* 

where tq E C{{xi( 4), ..., Xr+z+i(4)}} is a unit and r* E C{{xi(4),..., Xr+z(4)}}. If all 
Tj = 0 for i >2 then we are in case (EU, so we may suppose that some r* / 0 with i >2. 

By Lemma 18?^ there exists a sequence of transformations of types 1) - 4) (x(4), y(4)) —)■ 
(x(5),y(5)) making 

Ti = Xl(5)“l • • •Xs(5)“"llj 

for 2 < i, where Ui E C{{xi(5),..., Xs+z(5)}} is either a unit or zero. The forms of 
equations (ll3l) and (11^ or of (1111) and (150]) (in the variables a:(5) and y(5)) are preserved 
by these transformations. 

Now apply the argument following dlT]) to Xr+z+i(5) (in the place of x,.+z+i(4) — in 
m) to construct a sequence of transformations of types 1) - 4) (x(5), y(5)) —>■ (x(6), y(6)) 
to get in the case when (|l3]l holds, 

(55) Xr+i+i{6) = ■ ■ ■ VsiQT'u 

with u E C{{yi(6),..., ys+z(6)}} a unit and in the case when (|llt) holds, we have 


( 56 ) 

' yii^r^ • 

• •2/s(6)^={t 

with u E C{{2/i(6), .. 

,ys+i+i{6)}} a unit 




and 2 /i(6)”i .. .y^(6)"-« 

algebraic over xi(6),... , Xr+z(6) 

2/1 (6)^1 • 

• •2/s(6)""F 

with F E C{{2/i(6), .. 

. ,2/s+z+i(6)}} 


< 


such that ord F{0,... 

0,2/s+z+i(6)) = 1 


Suppose that (|l3]l and (l55l) hold and yi(6)”i • • • ys(6)"'® is not algebraic over xi(6),..., Xr+i{6) 
Then after a transformation of type 8) we have an expression 


Xr+i+i{6) = ■ ■ • ysi^T" 

giving us an increase in r (and {s,r,l)) in ()14p . so we have obtained the conclusions of 
Proposition 18.91 

Suppose that (HU) and ([56]) hold, and we have that Xr +z+i(6) = yi(6)”i •••7/^(6)”'’T 
with 

ord F(0, ...,0,yn+z+i(6)) = 1. 

Then replacing ?/s_|_z+i(6) with F (a transformation of type 5)), we have relations (I14p with 

x^+z+i(6) = yi(6)”i • • • ysiQ)'^‘’ys+i+i{Q)- 

If yi(6),..., ys(6), z/s+z+i(6) are independent, we have an increase in s (and in (s,r,/)), 
and we have achieved the conclusions of Proposition 18.91 so we may suppose that 

2/i(6),...,2/s(6),ys+z+i(6) 

are dependent. If xi(6),... , Xr{Q),Xr+i+i{()) are independent, then we perform a transfor¬ 
mation of type 6) (x(6),z/(6)) ^ (x(7),y(7)) (with m = / -|- 1) to get 

Xr+i+ii7) = yi(7)’"i • • • ysi7)'^‘^{ys+i+i{7) + a) 



with 0 / a G C. Since xi(7),..., Xr(7), Xr+z+i(7) are independent (and so 

t'e(a;i(7)), . . . , t'e(Xr(7)), . . . , Ve{Xr+l+l{^)) 

are rationally independent), we must have that yi(7)"^^ •••ys(7)""’ is not algebraic over 
xi(7),... ,Xr(7). 

Thus after a change of variables, multiplying ?/j(7) by an appropriate unit for 1 < z < s 
(a transformation of type 8 )), we obtain an expression (I14p . with an increase in r (and 

(s,r,0)- 

The remaining case in (j55h and (j56p is when we have an expression 
(57) Xr+i+i{Q) = yi( 6 )™i • • • ysi6)"^‘‘u 

where u G C{{yi( 6 ),..., ys+z_|_i( 6 )}} is a unit and yi( 6 )"^i ••• 2 /^( 6 )™'“ is algebraic over 
xi( 6 ),..., Xr+i{Q)- We will presume that this case holds. 

From (fF7|) . we see that Ueixr+i+ii^)) is rationally dependent on zze(xi( 6 )),..., ^^{xriQ)), 
so by Lemma im xi( 6 ),..., Xr( 6 ), Xr+/+i( 6 ) are dependent. Thus there exists by Lemma 
Oa SGMT 

xi( 6 ) = xi(7)“ii(^) •••x,.(7)“i'-i^) 

f58') * 

x^( 6 ) = xi(7)“’-i(^) •••x^(7)“’'’-(^) 

Xr+i+i{Q) = Xi(7)“ii^i •••x^(7)“’'i'^i(xr.+z+i(7)+ a) 

with 0 yi: a G C. Substituting into (f54l) and performing a (monomial) SGMT in xi(7),..., Xr{7) 
(which we incorporate into x( 6 ) —>■ x(7)) we obtain an expression 

g = xi{7)^^ ■ ■ ■ xs{7)^^g 

where 

(59) ord 5 ( 0 ,... ,0,Xr+z+i(7)) < f. 

By Lemma lbin we can extend the SGMT (x( 6 )) —>■ (x(7)) to a transformation (x( 6 ), z/( 6 )) —>■ 
(x(7),y(7)) of type 9) (where (y( 6 )) ^ (y(7)) is a SGMT in z/i( 6 ),... ,ys( 6 )). 

Writing 'g = xi{7)~^^ ■ ■ ■ xs{7)~^‘‘g, we see from (14^ or (l50l) that 'g is not a unit in 
C{{yi(7),... ,ys+z+i(7)}}. Thus 

ord 5 ( 0 ,..., 0, Xr+i+i{7)) > 0. 

Now Xr+i+i{7) continues to have a form (f4^ or (l44l) . and 'g has a form (f4^ (if (j43]l holds) 
or a form (I50j) (if (I44h holds), in terms of the variables x(7), y{7). Thus we are in the 
situation after (j5nh (replacing g with 'g ), but by (I59p , we have a reduction of t in m- By 
induction in t, continuing to run the algorithm following (I50p . we must eventually obtain 
the conclusions of Proposition 18.91 

□ 

Proposition 8.10. Suppose that ip :Y ^ X is a morphism of complex analytic manifolds, 

Ey is a simple normal crossings divisor on Y and e is an etoile over Y. Suppose that ip 
is quasi regular with respect to e. Then ip is regular at ey and there exists a eommutative 
diagram 

Ye ^ Xe 

TTg 4^ 4^ -^e 

y 4 X 
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of regular analytic morphisms such that the vertical arrows are products of local blow ups 
of nonsingular analytic subvarieties, ^ Y e and ipe is a monomial morphism for 
a toroidal structure Of. on Yf, at p. Further, we have that 'k*{Ey) is an effective divisor 
supported on Oe and the restriction of vTe to Ye \ Oe is an open embedding. 

Proof. Let xi,..., Xm be regular parameters in and yi,..., be regular parameters 

in OfPgy such that Ey is supported on the analytic set Z{yiy 2 ■ ■ ■ yn) (in a neighborhood 
of ey in Y). After reindexing the yi we may assume that s > 1 is such that yi,... ,ys 
are independent and yi,... ,ys,yi are dependent for all i with s + 1 < z < n. After 
performing SGMT of type 6) for 1 < m < n — s, we may assume that Ey is supported 
on Z{yiy 2 ■ ■ ■ ys)- Then {x,y) are prepared of type (s', 0,0) with s' > s. By successive 
application of Proposition 18.91 we construct a sequence of transformations (x, y) —>■ (x', y') 
such that r' + 1' = m, giving the conclusions of the theorem. 

The fact that (pe is regular at ey^ follows from the rank theorem (page 134 [ 47 ]) and the 
inequality Q applied to the monomial morphism (pe. Thus p is regular at ey as TTg and 
Ag are products of local blowups, so that they are open embeddings away from nowhere 
dense closed analytic subspaces. □ 

We isolate as a corollary one of the conclusions of Proposition 18.101 


Corollary 8.11. Suppose that p : Y ^ X is a morphism of connected complex analytic 
manifolds, e is an etoile on Y and p is quasi regular with respect to e. Then p is regular. 

Corollary 18. Ill can also be deduced from the local flattening theorem of Hironaka, Leje- 
une and Teissier [44| and Hironaka m, as is shown in [ 271 - 


Theorem 8.12. Suppose that p : Y ^ X is a morphism of reduced complex analytic 
spaces, A is a closed analytic subspace ofY and e is an etoile over Y. Then there exists 
a commutative diagram of complex analytic morphisms 


Fg ^ 

n 

Y 4 


f OL 

X 


such that /3 € e, the morphisms a and f are finite products of local blow ups of nonsingular 
analytic sub varieties, Yf, and Ag are nonsingular analytic spaces and pe is a monomial 
analytic morphism for a toroidal structure Og on Fg at ey^ such that the restriction (Fg \ 
Og) —>■ F is an open embedding. There exists a nowhere dense closed analytic subspace Fg 
of Xf such that Ag \ Fg —> A is an open embedding and pf^{Ee) is nowhere dense in Fg. 
Further, either the preimage of A in Yf, is equal to Yf., or = Oy^{—G) where Za is 

the ideal sheaf in of the analytic subspace A of Y and G is an effective divisor which 
is supported on Og. 

Proof. The proof follows by first applying Proposition 13.51 above to get a morphism of 
smooth analytic spaces Fi ^ Ai, with closed analytic sub manifold Z of Ai such that 
piiYi) C Z and if ; Fi —)■ Z is the induced map, then pi is quasi regular with respect 
to e. We may thus replace Ai with Z in the remainder of the proof, and assume that 
(/?! : Fi —7- Ai is quasi regular with respect to e in the remainder of the proof. Either 
TyiOvi is the zero ideal sheaf, which holds if and only if the preimage of A in Fl is Fl, 
or ZaOy^ is a nonzero ideal sheaf. Let F be a proper closed analytic subspace of Fi 
such that Fl \ F ^ F is an open embedding. Then applying principalization of ideals 
and embedded resolution of singularities by blowing up nonsingular sub varieties to Z^ if 
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Xa = ( 0 ) and to XaXb if Xa ^ ( 0 ), we construct Y 2 —> Xi such that either XaOy 2 = ( 0 ) 
and XbOy2 = C>y2{—G) or XaXbOy2 = Oy{—G) where G is a simple normal crossings 
divisor on Y 2 which satisfies the assumptions of Proposition 18.101 and Y 2 \G ^ Y is an 
open embedding. We then apply Proposition 18.101 to —>■ Xi to obtain a monomial 
morphism at the center of e, satisfying the conclusions of the theorem. □ 

We obtain Theorem o of the introduction as an immediate consequence of Theorem 

Theorem 8.13. Suppose that ip : Y X is a morphism of reduced complex analytic 
spaces, A is a closed analytic subspace ofY and p €Y. Then there exists a finite number 
t of commutative diagrams of complex analytic morphisms 

Yi 4 Xi 
fii f f Oil 

Y ^ X 

for 1 < i <t such that each fii and a* is a finite product of local blow ups of nonsingular 
analytic sub varieties, Yi and Xi are smooth analytic spaces and pi is a monomial analytic 
morphism for a toroidal structure Oi on Yi. Either the preimage of A in Yi is Yi or 
XA^Yi = OYi{—Gi) where Xa is the ideal sheaf in Of? of the analytic subspace A of Y, 
Gi is an effective divisor which is supported on Oi, and has the further property that the 
restriction {Yi\Oi) -^Y is an open embedding. Further, there exist compact subsets Ki of 
Yi such that is a compact neighborhood of p in Y. There exist nowhere dense 

closed analytic subspaces Fi of Xi such that Xi\Fi —> X are open embeddings and pfi^{Fi) 
is nowhere dense in Yi. 

Proof. Let £y be the voute etoilee over Y, with canonical map Py : £y ^ Y defined by 
PY{e) = ey. We summarized in Section [3] properties of £y which we require in this proof. 
By Theorem 18.121 for each e G Ty we have a commutative diagram 

Xe ^ Xe 

F 4 X 

such that pe is monomial at ey^ and satishes the other conditions of the conclusions of 
Theorem 18.121 Let I 4 be an open relatively compact neighborhood of ey^ in Y^. Let 
Tfg : 14 ^ F be the induced maps. Let X be a compact neighborhood of p in F and 
K' = Pfi^{K). The set K' is compact since Py is proper (Theorem 3.4 [l3]). The sets £ji^ 
(see equation Q) give an open cover of K', so there is a hnite subcover, which we reindex 
as , ■ ■ ■, £wet ■ Foi' 1 < * < t, let Xj be the closure of Ve^ in Fg. which is compact. Since 
Py is surjective and continuous, we have inclusions of compact sets 

p G X C oU^TTefiKi) 

giving the conclusions of the theorem. □ 

We obtain Theorem [Q] of the introduction as an immediate consequence of Theorem 

Em 
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9. Monomialization of real analytic maps 


In this section we prove local monomialization theorems for real analytic morphisms. 
We use the method of complexifications of real analytic spaces developed in Section 1 of 

m- 

Remark 9.1. Resolution of singularities of a germ of a complex analytie spaee (X,x), 
whieh has a natural auto eonjugation, ean he aceomplished by blowing up smooth analytic 
sub varieties whieh are preserved by the auto eonjugation. This follows by applying the 
basie theorem of resolution of singularities in m (or M) to the speetrum of the invariant 
analytic local ring Spec{{Of(^^)'^) by the action of the auto conjugation a of X and then 
extending to Spec{0^^). We also need the faet that a prineipalization of a sheaf of ideals 
whieh is invariant under a can be obtained by blowing up smooth analytic sub varieties 
whieh are preserved by the auto conjugation (this also follows from |40j ). 

Lemma 9.2. Suppose that Y is a smooth connected real analytic variety with a com- 
plexification Y whieh is a smooth conneeted complex variety. Suppose that Z C Y is a 
closed real analytie subspace of Y such that its complexification Z CY is a nowhere dense 
elosed complex analytic subspace ofY. Then Z is nowhere dense in Y (in the Euelidean 
topology). 

The necessity that Y be smooth in the lemma can be seen from consideration of the 
Whitney Umbrella x"^ — zy'^ = 0. 

Proof. Since Y and Y are manifolds, for all p & Y, the topological dimension of Y at p, 
T-dimpT (Remarks 5.16 and 5.17 [42] and Section[3l), is equal to the dimension dim^y of 
Y (Section |3|), which is equal to dimO“^. Since Z is a nowhere dense analytic subspace 

of the manifold Y, we have that 

dim„Z = dimOf^ <dimO|“ =dim„y. 
p Z,p Y,p p 

Since Z = Z CiY, we have that T-dimp Z < dimp Z for all p a Z. Since Z is closed in Y, 
we have that Z is nowhere dense in T. □ 

Lemma 9.3. Suppose that tp : Y ^ X is a morphism of connected smooth real analytie 
varieties and (p : Y —>■ X is a complexifieation of p (with Y and X smooth). Then p is 
regular if and only if p is regular. 

Proof. Suppose that p is regular. Let n = dimX. Then the closed analytic subspace 

Z = {q £Y \ ia'nk{dpq) < n} 

is a proper subset of Y. Suppose that p -.Y ^ X \s not regular. Then 

Y = {q ^Y \ iank{dpq) < n} = Z ^^Y, 
a contradiction to Lemma 19.21 

A simpler argument shows that if p is regular then p is regular. □ 

Proposition 9.4. Suppose that p : Y ^ X is a morphism of reduced real analytic spaces 
with complexifieation p : Y —>• X, such that there are auto conjugations cj : X —>• X and 
T : Y ^ Y such that pr = ap. Let e £ Sy be an etoile over Y. Then there exists a 
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commutative diagram of morphisms 


Ye ^ Xe 

n _ 17 

Y % X 


such that 6 & e, Ye and Xe are smooth analytic spaces, there exists a elosed analytic sub 
manifold Ze of Xe such that (pe(Ye) C Zg and the induced analytic map ipe '-Yg ^ Zg is 
regular. Further, there exists a nowhere dense closed analytic subspace Fg of Xg such that 
Xg\ Fg ^ X is an open embedding and (pf^{Fg) is nowhere dense in Yg. 

There exist auto conjugations CTg : Xg —Xg and Tg :Yg ^ Yg which are compatible with 
the diagram. We have that ag{Zg) = Zg and ag{Fg) = Fg. 

Further, we have a factorization of 6 as 

Yg = VF, ^- >WiHWq = Y 

where each (3i is a local blow up {Ui,Ei,f3i) where Ei is a smooth sub variety of Ui and 
there are auto conjugations y : Wi ^ Wi such that fdiXi+i = Tifdi for all i. We have that 
tq = T and Tg = Tg and Ti{Ui) = Ui and Ti{Ei) = Ei for all i. Further, either the center 
ewi of e on Wi is a real point {Ti{eWi) = eWi) or Ti{eWi) 7 ^ eWi ond Ui is the disjoint 
union of two open subsets Si and Ti{Si) which are respective open neighborhoods of eWi 
and Ti{ewi)- 

We also have a factorization of 7 by 

Xg = Zr Zr-l - > Zi^ Zq = X 

where each Oi is a local blow up {Vi,Hi,ai) where Hi is a smooth sub variety of Vi, and there 
are auto conjugations Ci : Zi ^ Zi such that aiUj+i = aiOi, <Tj(Vi) = Vi and c7i{Hi) = H^. 
Further either qi := Ui - ■ ■ ar-iipgieyj is a real point ((Ti{qi) = qi) or ai{qi) 7 ^ qi and Vi is 
the disjoint union of two open subsets Ti andai{Ti) which are respective open neighborhoods 
of qi and o'i{qi). We have that ao = a and Ur = Og- 

We obtain the conclusions of Proposition 19.41 by modifying the proof of Proposition 
13.51 using Corollary 18.111 and Remark 19.11 

Proposition 9.5. Suppose that (p :Y X is a regular morphism of real analytic man¬ 
ifolds, Ey is a SNC divisor on Y with complexification (p : Y ^ X where Y and X are 
complex analytic manifolds and complexification Ey of Ey which is a SNC divisor on Y. 
Let e be an etoile over Y. Then there exists a commutative diagram 

Ye ^ 

TTg ^ 

Y ^ X 


of regular complex analytic morphisms such that the vertical arrows are products of local 
blow ups of nonsingular analytic subvarieties such that Yg ^ Y £ e. 

The vertical arrows have factorizations by sequences of local blow ups 


(60) 



= Wt 

^ .. 

• ^ Wi 


Wo = Y 


i 




; 


= Vt 

^ •• 

• ^ Vi 


Ro = X 
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with complex auto conjugations of the Wi and Vi which are compatible with the above 
diagram, so that taking the invariants of these auto conjugations, we have an induced 
diagram of regular real analytic morphisms 

Ye ^ Xe 

TTg f ^ Ag 

y 4 X 

such that the vertical arrows are products of local blow ups of nonsingular real analytic 
subvarieties. The auto conjugations of Wi induce auto conjugations of the preimage of Ey 
on Wi- 

Either all ewi (and evj are real points in the diagram [UDj . and ipe and (pe are monomial 
morphisms for toroidal structures Og on Ye with complexification Og on Ye or Cy is not a 
real point, and Ye is the empty set. 

Further, we have that t\*{Ey) is an effective divisor supported on Og and the restriction 
of TTe to Ye \ Og is an open embedding. Also, 'k*{Ey) is an effective divisor supported on 
Og, and the restriction o/vTg to Ye\Oe is an open embedding. 

Proof. We inductively construct the diagram (jGOjl of local blow ups as in the proof of 
Proposition 18.101 with the following differences. If after construction of the local blow up 
Wi — >■ Wi-i we find that eWi is not a real point then we take a neighborhood U of eWi 
which contains no real points and set Wj+i to be the (disjoint) union of U and (t{U) where 
a is the auto conjugation of Wi. We then terminate the algorithm, setting Ye = Wiyi and 

Xg = Pi. 

In our inductive construction of (|60|) . as long as evy, are real points for j < i, the 
sequences of local blow ups in (l60l) are complexifications of sequences of real local blow ups 
of nonsingular real analytic subvarieties. This follows from the algorithms of Proposition 
18.101 as we then work within the rings 

^ ... ,yn}} 

; I 

M[[xi,...,xm]] -S' M[[yi,... ,yn]] 

instead of in the corresponding complexifications of these rings. 

The only modification which needs to be made in the algorithm (since we assume all 
centers of e are real) is that a little more care is needed when taking roots of unit series. 
For instance, in Lemma [5.61 we must insist that the constant term of the unit 7 is positive. 
This leads to the introduction of factors of ±1 in the equations of Lemmas 15.7116.31 and 
16.41 To preserve the monomial form (jlSp . we may have to replace some of the yj{l) with 
their negatives —yj{l) and some of the Xi{l) with their negatives —Xi{l). We also need 
the conclusions of Lemma 19.31 □ 

Proposition 9.6. Suppose that ip :Y —>■ X is a morphism of reduced real analytic spaces 
and A C Y is a closed analytic subspace of Y , with complexification ip : Y —X of (p and 
complexification A (ZY of A. Let e be an etoile over Y. Then there exists a commutative 
diagram 

Ye 4 Xg 

f f fa 

y 4 X 
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of complex analytic morphisms such that and are smooth analytie spaces, /3 G e and 
we have a factorization of /3 as 

Ye = VF, ^- >Wi^Wo = Y 


where each /?* is a local blow up {Ui,Ei,j3i) where Ei is a smooth sub variety of Ui and 
there are auto eonjugations r* : VF* —>■ Wi such that fdiTi+i = t*/?* for all i. We have that 
tq = T and Tg = Te and Ti{Ui) = Ui and Ti{Ei) = Ei for all i. Further, either the center 
ewi of e on Wi is a real point {xifewi) = owi) or Ti{ewi) / oWi ond Ui is the disjoint 
union of two open subsets Si and Ti{Si) whieh are respeetive open neighborhoods of eWi 
and Ti{ewi)- 

We also have a factorization of a by 


Xf. — Zr 


OLf — \ 


Er-\ 


Zi ^ Zo = X 


where each Oi is a local blow up {Vi,Hi,ai) where Hi is a smooth sub variety of Vi, and there 
are auto conjugations di : Zi ^ Zi such that aiUj+i = diOi, dilVi) = Vi and c7i{Hi) = Hi. 
Further either qi := ai - ■ ■ ar-i<^e(ey^) is a real point ((Ti{qi) = qi) or ai{qi) 7 ^ qi and Vi is 
the disjoint union of two open subsets Ti andai{Ti) which are respective open neighborhoods 
of qi and ai{qi). We have that ctq = a and Ur = de- Further, there exists a nowhere dense 
closed analytic subspace Ff, ofX^ such that de{Fg) = Fg, Xf\F(, X is an open embedding 
and (p~^{Fe) is nowhere dense in Yf,. 

Taking the invariants of these auto conjugations, we have an induced diagram of real 
analytic morphisms 


Ye ^ Xe 

/3 f fa 


y 4 X 


such that the vertical arrows are products of local blow ups of nonsingular real analytic 
subvarieties. Either all eWi (and evi) are real points and ipe and (pe are monomial mor¬ 
phisms for toroidal structures Oe on Ye at Cy^ with complexification Oe on Ye or Cy^ is not 
a real point, and Ye is the empty set. 

Further, either the preimage of A in Ye hs equal to Ye orX^O^ = 0^{—G) where 
is the ideal sheaf in of the analytic subspace A of Y, G is an effective divisor which 
is supported on Oe and Ye\Oe ^ Y is an open embedding. We have that Te{G) = G. 

Suppose that Cy^ is real. Then Fe = Xe fl Xg is nowhere dense in Xe, Xe\ Fe ^ X is 
an open embedding and ipf^{Fe) is nowhere dense in Ye. 


We obtain ProDosition l9.6l bv arguing as in the proof of Theorem 18.121 using Proposition 
19.41 Remark 19.11 Proposition 19.51 Lemma 19.31 and Lemma 19.21 

We have the following theorem, which generalizes Theorem 18.131 to a real analytic mor¬ 
phism from a real analytic manifold. 


Theorem 9.7. Suppose that Y is a real analytic manifold, X is a reduced real analytic 
space, if : Y X is a real analytic morphism, A is a closed analytic subspace of Y 
and p & Y. Then there exists a finite number t of commutative diagrams of real analytic 
morphisms 

Yi n W 

fdi f O2 

F 4 X 
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for 1 < i < t such that each j5i and on is a finite product of local blow ups of nonsingular 
analytic sub varieties, Yi and Xi are smooth analytic spaces and ipi is a monomial analytic 
morphism for a toroidal structure Oi on Y^. Either the preimage of A in Yi is Yi, or 
Y-AOvi = Oyfi—Gi) where Xa is the ideal sheaf in of the analytic subspace A ofY, 
Gi is an effective divisor which is supported on Oi, and has the further property that the 
restriction {Yi\Oi) -^Y is an open embedding. Further, there exist compact subsets Ki of 
Yi such that is a compact neighborhood of p in Y. There exist nowhere dense 

closed analytic subspaces Fi of Xi such that Xi\Fi -A- X are open embeddings and (pf^{Fi) 
is nowhere dense in Yi. 

Proof. Let (p :Y -A X he a. complexification of p such that Y is nonsingular. 

Suppose that e € (the voute etoilee and the notation used in this proof are reviewed 
in Section [3]) . Then we may construct a diagram satisfying the conclusions of Proposition 

[Ql 

fde f 

y 4 X 

with real part 

Te ^ 

Y X, X. 

(We can have Tg = 0)- 

Let Ce be an open relatively compact neighborhood of ey in W on which the auto 
conjugation acts. Let : Cg ^ Y he the induced map. 

Let iL be a compact neighborhood of p in T and K' = P^^{K). The set K' is compact 
since Py is proper (Theorem 3.4 [l3]). The open sets for e G K' (defined in equation 
(jl])) give an open cover of K', so there is a finite subcover, which we index as % ,... ,£-o . 

Let Ki be the closure of in Y^^ which is compact. Since Py is surjective and continuous, 
we have inclusions of compact sets p G K C ul^ifieiiKi). Since Y is nonsingular and each 
fiei is a (finite) product of local blow ups of proper sub varieties, if //gi is the union of the 
preimages on Y^. of these centers, then Hf,. is a nowhere dense closed analytic subspace of 
Yei and /3ei is an open embedding of Wi \ into Y. 

Suppose that q G Y. Then T-dim^ Y = dim^ Y since T is a manifold (Section [3] and 
Section 5 of [12])- Suppose i satisfies 1 < i < t. The set i/gi H Ki is compact and 
n Ki) is compact. Let Mi = n Ki) n Y. Suppose q G Mi. Then 

diuiqfieiiHei H Kfi < dimT 

by Theorem 1, page 254 m or Corollary 1, page 255 [17]. Thus 

T- dimq Mi < dim^ fiei (.^ei C iLj) < dim^ Y = T- dim^ Y. 

Since Mi is compact, we have that Mi is nowhere dense in Y. 

Let K* = Kr\Y which is a compact neighborhood of p in Y . Let p' G K*\\Ji^ifiei{Ha H 
Ki). Then there exist i and eG&p such that ey = p' and pi = G Ki \ Ha C Ya- 

Since pi 0 Ha, fiei is an open embedding near pi, and since p' is real, pi G Ya is real. 
Thus p' G fisi {Ki OYa). We thus have that the set K* \ OKi), which we have 
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shown is dense in K*, is contained in the compact set ul^il3ei{Ki fl Thus its closure 
K* is contained in n TeJ, giving the conclusions of Theorem 19.71 □ 


Theorems oi and 11.71 of the introduction follow from Theorem 19.71 
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